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ABSTRACT 
The r e a l i z a b i l i t y  of Scha lkwi jk ’ s  cod ing  scheme u s i n g  feedback  f o r  
b a n d l i m i t e d  c h a n n e l s  is s t u d i e d .  Transmiss ion  r a t e s  of  0.3 t o  0.8 of  
-3 
c h a n n e l  c a p a c i t y  and error  p r o b a b i l i t i e s  of  10 t o  lo-’ a r e  a c h i e v a b l e ,  
g e n e r a l l y  w i t h  less t h a n  10 i t e r a t i o n s .  F o r  s p e c i f i e d  t r a n s m i s s i o n  r a t e s  
t h e  f eedback  code i s  s i g n i f i c a n t l y  more r e l i a b l e  t h a n  e x i s t i n g  one-way 
codes ,  o f t e n  w i t h  less bandwidth.  O f  v a r i o u s  f eedback  channe l s  c o n s i d e r e d ,  
a d i g i t a l  channe l  w i t h  20-db s igna l - to -no i se  r a t i o  i s  recommended. The 
‘ST u s e  o f  f eedback  r e q u i r e s  s t o r a g e  
a t  b o t h  t e r m i n a l s  expres sed  by 10 < CsT/W < 100, where W i s  t h e  f o r -  
ward  channe l  bandwidth.  I n  a d d i t i o n ,  an a n a l o g - t o - d i g i t a l  c o n v e r t e r  w i t h  
( b i t s  p e r  m i l l i o n  m i l e s  p a t h  l e n g t h )  
up t o  100 q u a n t i z a t i o n  l e v e l s  i s  r e q u i r e d  a t  t h e  r e c e i v e r .  The fo rward  
channe l  must be c a p a b l e  of p rov id ing  peak power 16 t o  50 t i m e s  t h e  average  
power. 
The feedback  coding  scheme i s  c o n s i d e r e d  r e a l i z a b l e  and p r a c t i c a b l e ;  
however,  s i x  r equ i r emen t s  must be m e t  f o r  i t s  a p p l i c a t i o n .  Baseband and 
bandpass  s i g n a l i n g  schemes u s i n g  ampl i tude  modula t ion  a r e  proposed .  Base- 
band d e t e c t i o n  a t  each  t e r m i n a l  is accomplished w i t h  one matched f i l t e r .  
T r a n s m i t t e r  and r e c e i v e r  b lock  diagrams a r e  s p e c i f i e d  -7 
T h i s  code was developed f o r  high-performance space  communications.  
T r a n s m i t t e r  s t o r a g e  r equ i r emen t s ,  s t a t e  of t h e  a r t  i n  s t o r a g e  technology,  
and d a t a  p r o c e s s i n g  d e l a y s  p r e s e n t l y  l i m i t  t h e  u s e  of  t h i s  system to  
bandwidths  unde r  1 Mc and t r ansmiss ion  p a t h s  of 1 t o  100 m i l l i o n  m i l e s .  
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Bn('n+1 n set of  feedback  ga in  f a c t o r s ,  
sets o f  decoding  c o e f f i c i e n t s  a t  r e c e i v e r  
"n+l 
A 
-0 ) feedback  
error term i n  Yi due t o  feedback  n o i s e  
u n i t  impulse f u n c t i o n  
Kronecker  d e l t a  
message p o i n t  
se t  of  message p o i n t s  
ith message p o i n t  i n  a b lock  of messages 
r e c e i v e r ' s  best e s t i m a t e  of  message 8 a t  s t a g e  n 
baseband encoder  o u t p u t  a t  r e c e i v e r ,  feedback  channel  
r e c e i v e r ' s  best e s t i m a t e  of  8 ( i )  a t  s t a g e  n 
i n t e r m e d i a t e  e s t i m a t e  by r e c e i v e r  a t  s t a g e  n 
t r a n s m i t t e r ' s  e s t i m a t e  of en+1 
"frequency" v a r i a b l e  of c h a r a c t e r i s t i c  f u n c t i o n s  
h 
r e l a t i v e  r a t e  of t r a n s m i s s i o n ,  R ~ / C  
l e a s t  s i g n i f i c a n t  d i g i t  c a r r i e d  i n  
v a r i a n c e  of a random v a r i a b l e  
A 
'n+ 1 
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n 
2 
uen2 
2 
c e N + l  
2 
f U 
2 
cr 
T 
w 
OCR' 'CR 
wCT' 'CT 
A 
'n 
'112 
v a r i a n c e  of 
v a r i a n c e  of 
h 
A 
'N+1 v a r i a n c e  o f  
forward  channe l  n o i s e  component v a r i a n c e  No/2 
f eedback  channe l  n o i s e  component v a r i a n c e  
c o r r e l a t i o n  t i m e  
p u l s e  waveform f o r  fo rward  channe l  
p u l s e  waveform f o r  f eedback  channe l  
L a p l a c e  t r a n s f o r m  o f  
b a s i c  f i l t e r  t r a n s f e r  f u n c t i o n  
F o u r i e r  t r a n s f o r m  of  t(t) 
normal ( g a u s s i a n )  d i s t r i b u t i o n  f u n c t i o n  
r a d i a n  f r e q u e n c y  
c a r r i e r  f r e q u e n c y  and phase  f o r  f eedback  channel  
N1/2 
0 
$( t ) 
c a r r i e r  f r e q u e n c y  and phase  f o r  fo rward  channel  
SPECIAL NOTATION AND ABBREVIATIONS 
g ( t >  * h ( t )  d e n o t e s  c o n v o l u t i o n  
-N(m, u ) d e n o t e s :  obeys  a g a u s s i a n  p . d . f .  w i t h  mean m and 2 
v a r i a n c e  $J 
g . r . v .  g a u s s i a n  random v a r i a b l e  
p . d . f .  p r o b a b i l i t y  d e n s i t y  f u n c t i o n  
p . m . f .  p r o b a b i l i t y  mass f u n c t i o n  
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I .  INTRODUCTION 
I n  1965,  Schalkwi jk  [Ref .  11  p re sen ted  t h e  mathemat ica l  development 
of a coding  scheme f o r  band l imi t ed  channe l s  w i t h  a d d i t i v e  w h i t e  gauss i an  
n o i s e  and an ave rage  power c o n s t r a i n t .  Asympto t i ca l ly  t h e  scheme a c h i e v e s  
Shannon's  channel  c a p a c i t y  
s i o n ,  where Eb 
2 
C = (1 /2)  l o g 2 ( 1  + Eb/u f )  
i s  t h e  ave rage  s i g n a l  energy p e r  dimension and 
b i t s  pe r  dimen- 
2 
= No/2 is  t h e  two-sided s p e c t r a l  d e n s i t y  of t h e  added w h i t e  g a u s s i a n  cf 
n o i s e .  The code i s  t h e  f i r s t  t o  achieve  channel  c a p a c i t y .  To accomplish 
t h i s ,  t h e  scheme u s e s  a n o i s e l e s s  feedback channel  which cannot  i n c r e a s e  
t h e  forward  channel  c a p a c i t y  bu t  can r educe  t h e  coding  complexi ty  f o r  a 
g i v e n  e r r o r  p r o b a b i l i t y .  
I t  w a s  n a t u r a l  t o  q u e s t i o n  t h e  r e a l i z a b i l i t y  and p r a c t i c a l  u t i l i t y  
of t h e  coding  scheme. I n  t h i s  r e p o r t  t h e  more impor t an t  q u e s t i o n s  i n  
t h i s  r e g a r d  are answered. The chief  o b j e c t i v e  i n  t h e  development of t h i s  
code  w a s  t o  o b t a i n  a h igh  performance code s u i t a b l e  t o  s p a c e  communica- 
t i o n s ,  wherein t r a n s m i s s i o n s  a r e  between a space-based  t r a n s m i t t e r  of 
l i m i t e d  a v a i l a b l e  power and complexity and an ea r th -based  r e c e i v e r  where 
a v a i l a b l e  power and sys t em complexity are r e l a t i v e l y  u n c o n s t r a i n e d .  
These c h a r a c t e r i s t i c s  are inco rpora t ed  i n  t h e  coding  scheme by p l a c i n g  
t h e  burden on t h e  feedback  l i n k  t o  h e l p  a t t a i n  t h e  d e s i r e d  performance.  
The work d i v i d e s  i n t o  t h r e e  areas: e v a l u a t i o n  of t h e  feedback  code ,  
s i g n a l  d e s i g n  t o  implement t h e  code, and s p e c i f i c a t i o n  of b lock  diagrams 
f o r  t h e  two t e r m i n a l s .  
To send one of M equiprobable  messages between a message s o u r c e  
( t r a n s m i t t e r )  and s i n k  ( r e c e i v e r )  d u r i n g  an i n t e r v a l  of time 
coding  scheme u s e s  an i t e r a t i v e  process  r e q u i r i n g  N forward and ( N - 1 )  
T ,  t h e  
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feedback  t r a n s m i s s i o n s .  B a s i c a l l y ,  t h e  message i s  s e n t  d u r i n g  t h e  f i r s t  
forward  t r a n s m i s s i o n ,  and e r r o r  c o r r e c t i n g  i n f o r m a t i o n ,  based on t h e  
feedback  t r a n s m i s s i o n s ,  i s  s e n t  d u r i n g  t h e  remain ing  ( N - 1 )  forward 
t r a n s m i s s i o n s .  
Chapter  I1 b e g i n s  w i t h  a b r i e f  rev iew of t h e  feedback  coding  scheme, 
The code performance ( r e l a -  r e fo rmula t ed  t o  s u i t  t h e  work of t h i s  p a p e r .  
t i v e  t r ansmiss ion  r a t e  p and e r r o r  p r o b a b i l i t y  Pe )  i s  then  s t u d i e d  
f o r  a s m a l l  number of i t e r a t i o n s  N and f o r  r e p r e s e n t a t i v e  ensemble s i z e s  
M and forward channel  s i g n a l - t o - n o i s e  r a t i o s  Eb/cf .  With M < - 100,  
lo-’ < - Pe 
and N < - 30 a r e  o b t a i n e d .  N 5 10 i s  r e q u i r e d  i n  most cases. Compari- 
sons  are  made w i t h  e x i s t i n g  one-way codes such  as o r t h o g o n a l ,  r e c t a n g u l a r ,  
2 
2 
and -3 db 5 Eb/vf 5 10 db ,  r e l a t i v e  r a t e s  0.3 < p < 0.8 
and M-ary phase s h i f t  keying  codes .  For  i d e n t i c a l  rates of t r a n s m i s s i o n ,  
t h e  feedback code i s  found t o  have s e v e r a l  o r d e r s  of magni tude smaller 
2 
e r r o r  p r o b a b i l i t y  t h a n  t h e  o t h e r  codes.  I t s  Eb/cf t h r e s h o l d  i s  lower 
t h a n  a l l  codes excep t  t h e  o r t h o g o n a l  code ,  which i s  about  t h e  same. The 
bandwidth r e q u i r e d  by t h e  feedback  code i s  less t h a n  o r  e q u i v a l e n t  t o  
t h a t  of o the r  h i g h  performance codes .  
T i m e  de l ay  between t r a n s m i t t e r  and r e c e i v e r  n e c e s s i t a t e s  implemen- 
t a t i o n s  of t h e  code t h a t  are more compl ica ted  t h a n  would b e  r e q u i r e d  w i t h  
no d e l a y .  For e f f i c i e n t  d a t a  f l o w ,  t r a n s m i s s i o n  of messages i n  b l o c k s  i s  
n e c e s s a r y .  
v e r t e r s .  T ransmi t t e r  and receiver s t o r a g e  c a p a c i t i e s ,  q u a n t i z e r  g r a i n  
s i z e ,  and peak ampl i tude  r e q u i r e m e n t s  a r e  e s t a b l i s h e d .  Depending on t h e  
s i t u a t i o n  c o n s i d e r e d ,  t h e  number of q u a n t i z a t i o n  l e v e l s  can  be  l a r g e ,  
e . g . ,  50 t o  100, b u t  i n  g e n e r a l  t h e  r equ i r emen t s  are p r a c t i c a b l e .  The 
T h i s ,  i n  t u r n ,  r e q u i r e s  d i g i t a l  s t o r a g e  and A/D and D/A con- 
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t r a n s m i t t e r  o u t p u t  power a m p l i f i e r  must b e  c a p a b l e  of p rov id ing  peak 
power 16 t o  50 t i m e s  t h e  ave rage  power, w h i l e  a c h i e v i n g  t h e  r e q u i r e d  
power conve r s ion  e f f i c i e n c y .  T ransmi t t e r  and receiver s t o r a g e  r e q u i r e -  
ments are l a r g e  and n e a r l y  i d e n t i c a l .  The p roduc t  of t r a n s m i t t e r  s t o r a g e  
( b i t s  p e r  m i l l i o n  miles of t r a n s m i t t e r - r e c e i v e r  s e p a r a t i o n )  and 
‘ST 
< 100. For  a space-  s i g n a l i n g  speed d ( seconds  p e r  i t e r a t i o n )  i s  
based  t r a n s m i t t e r ,  t o t a l  s t o r a g e  i s  l i m i t e d  t o  about  1 t o  5 m i l l i o n  b i t s ,  
and d i s  l i m i t e d  by r e q u i r e d  d a t a  p r o c e s s i n g  1 t o  10 ks minimum. 
dCST 
To g a i n  some f e e l i n g  f o r  t h e  p o s s i b i l i t i e s ,  c o n s i d e r  a s o u r c e  w i t h  
M = 32 messages and a P = 10 requ i r emen t .  Assume t h e  t r a n s m i t t e r  
s t o r a g e  i s  l i m i t e d  t o  one m i l l i o n  b i t s  and t h e  equipment l i m i t s  s i g n a l i n g  
speed  t o  d seconds  p e r  i t e r a t i o n .  I n  Tab le  1, i n f o r m a t i o n  r a t e s  and 
t r a n s m i s s i o n  d i s t a n c e s  are  l i s t e d  f o r  v a r i o u s  s i g n a l - t o - n o i s e  r a t i o s  
(Eb/r;)  and d combina t ions .  N i s  t h e  number of i t e r a t i o n s  r e q u i r e d  
f o r  t h e  s p e c i f i e d  Eb/mf and P , S i m i l a r  r e s u l t s  o b t a i n  f o r  P = 10 , 
-9 
s i n c e  i t  can  b e  shown t h a t  Pe = 10 r e q u i r e s  t h e  same N ( i n t e g e r ) ,  
e x c e p t  f o r  Eb/tJ: = 0 db  which r e q u i r e s  N = 15.  Achievable  d i s t a n c e s  
are comparable t o  t h e  239,000 miles  Earth-Moon s e p a r a t i o n  and t h e  35 t o  
60 m i l l i o n  m i l e s  Earth-Mars s e p a r a t i o n  d u r i n g  o p p o s i t i o n .  
-6  
e 
2 -9 
e e 
The f o r m u l a t i o n  of t h e  coding scheme assumes a n o i s e l e s s  feedback  
channe l .  The s i g n a l - t o - n o i s e  r a t i o  r equ i r emen t s  f o r  t h i s  channel  which 
p e r m i t  t h i s  assumption are e s t a b l i s h e d .  An ana log  channel  r e q u i r e s  about  
30 t o  60 d b ,  w h i l e  a d i g i t a l  channel  r e q u i r e s  only  20 db. From s i g n a l -  
t o - n o i s e  r a t i o  and t r a n s m i t t e r  q u a n t i z a t i o n  r e q u i r e m e n t s ,  i t  i s  concluded 
t h a t  a d i g i t a l  feedback  channel  should b e  used .  
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TABLE 1. INFORMATION RATES AND TRANSMISSION DISTANCES FOR 
M = 32, P = AND lo6  BITS TRANSMITTER STORAGE e 
N = 14 
E /c2 = 0 db 
b f  
1 o - ~  
l o +  
2 
b f  
E /cr = 3 d b  
N = 9  
Eb/< = 1 0  d b  
N = 4  
Transmiss ion  
D i s t a n c e  
( m i l e s )  
8 
1 . 5  x 10 
6 
1 . 5  X 10 
3 
15 X 10 
8 1 . 5  X 10 
6 
1 . 5  x 10 
15 x l o 3  
8 
1 . 5  X 10 
6 1 . 5  X 10 
3 
15 X 10 
I nf orma t ion  
Rate  
(bi ts /sec ) 
36 
3 3 . 6  X 10 
5 
3 . 6  X 10 
56 
3 5 . 6  X 10 
5 
5 . 6  X 10 
125 
3 1 2 . 5  X 10 
5 
1 2 . 5  X 10 
The conc lus ion  i s  t h a t  t h e  feedback  code i s  r e a l i z a b l e  and p rac -  
t i c a b l e .  However, t h e r e  a r e  c o n s t r a i n t s  on i t s  u s e ,  and i n  S e c t i o n  I I G  
s i x  items a re  l i s t e d  which must be e v a l u a t e d  when c o n s i d e r i n g  t h e  a p p l i -  
c a t i o n  of t h i s  code t o  s p e c i f i c  r e q u i r e m e n t s .  
The second h a l f  of  t h i s  s t u d y  is  concerned  w i t h  implementa t ion  of 
t h e  feedback code .  S i g n a l  d e s i g n  i s  c o n s i d e r e d  i n  Chap te r  111. A t  e a c h  
forward  t r a n s m i s s i o n  t h e  t r a n s m i t t e r  s ends  a number by ampl i tude  modula- 
t i n g  i n  t h e  baseband a f i n i t e - d u r a t i o n  p u l s e  waveform. 
c a r r i e r  double-s ideband ampl i tude  modula t ion  w i t h  synchronous d e t e c -  
t i o n  a t  t h e  receiver i s  e s t a b l i s h e d  a s  t h e  c a r r i e r  sys t em b e s t  s u i t e d  
Suppressed  
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t o  t h e  c o d e .  A t  t h e  r e c e i v e r ,  t h e  n o i s y  v e r s i o n  of t h e  t r a n s m i t t e d  num- 
ber is o b t a i n e d  u s i n g  a matched f i l t e r  and sampler  and a l g e b r a i c  de- 
c o d i n g  P u l s e  waveforms and matched f i l t e r  d e s i g n s  a r e  d i s c u s s e d ,  and 
use of t h e  r a i s e d  c o s i n e  p u l s e  is recommended. Baseband, c a r r i e r ,  and 
word s y n c h r o n i z a t i o n  a r e  a l s o  d i s c u s s e d .  
Based on t h e  sys tem performance and s i g n a l  d e s i g n  d i s c u s s i o n s ,  
g e n e r a l  t r a n s m i t t e r  and r e c e i v e r  block d iagrams a r e  p r e s e n t e d  i n  Chap- 
t e r  I V .  The equipment r equ i r emen t s  a r e  modest f o r  s u c h  a h i g h  p e r f o r -  
mance code ,  and e x i s t i n g  t e c h n i q u e s  and hardware a r e  employed. The 
r e c e i v e r  is  s l a v e  t o  t h e  t r a n s m i t t e r ,  e x c e p t  t h a t  by means of a command 
l i n k  i t  e s t a b l i s h e s  t h e  pa rame te r s  of t h e  f eedback  cod ing  scheme based 
on t h e  forward  channe l  s i g n a l - t o - n o i s e  r a t i o  and t h e  d e s i r e d  r e l i a b i l i t y .  
The sys tem propos'ed i s  s u i t a b l e  t o  the pr ime m o t i v a t i o n ,  s p a c e  communi- 
c a t i o n s .  However, a s  n o t e d  p r e v i o u s l y ,  i ts  use i s  c o n s t r a i n e d  somewhat 
by  the s t o r a g e  r e q u i r e m e n t ,  s t a t e  of t he  a r t  i n  s t o r a g e  t e c h n o l o g y ,  and 
d a t a  p r o c e s s i n g  t i m e s .  A t  p r e s e n t ,  t h e  coding  scheme c o u l d  be used  o v e r  
d i s t a n c e s  of 1 to  100 m i l l i o n  miles.  
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11. THE CODING SCHEME 
r 7 
Source. P Encoder w c Channel b 
The coding scheme i s  p r e s e n t e d  i n  t h i s  c h a p t e r ,  and i ts  performance 
and r e a l i z a b i l i t y  a r e  examined. C o n s i d e r a t i o n s  a r e  r e s t r i c t e d  t o  band- 
l i m i t e d ,  a d d i t i v e  w h i t e  g a u s s i a n  n o i s e  c h a n n e l s  o p e r a t e d  under  an average  
power c o n s t r a i n t .  
Decoder - sm Sink 
A ,  THE CODING SCHEME--NOISELESS FEEDBACK 
A s  shown i n  F i g .  1, a s o u r c e  hav ing  a set {mi) of  M e q u i p r o b a b l e  
symbols i s  connec ted  t o  a r e c e i v e r  t h rough  a n o i s y  channe l .  When a p a r -  
t i c u l a r  message m is  s e n t ,  t h e  r e c e i v e r  w i l l  select from {mi)  one  
symbol a s  its b e s t  e s t i m a t e  of what was s e n t ,  A coding  scheme f o r  e f f i -  
c i e n t  i n fo rma t ion  t r a n s m i s s i o n  i s  d e s i r e d .  
i 
The coding scheme d e v i s e d  by Scha lkwi jk  [ R e f .  1 1  r e q u i r e s  a n o i s e -  
less feedback channe l .  T h i s  r equ i r emen t  is examined l a t e r .  A t  t h e  
t r a n s m i t t e r  an encoder  maps e a c h  member o f  
m e m b e r  o f  t h e  s e t  {e,) .  A co r re spond ing  decoder  e x i s t s  a t  t h e  r e c e i v e r  
t o  c o n v e r t  from O i l s  t o  m I s .  The e q u i v a l e n t  message set {e i )  w i l l  
be used  i n  t h e  s e q u e l .  
{mi) i n t o  a co r re spond ing  
i 
TRANSMITTER 
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FIG. 1. MODEL OF A COMMUNICATION SYSTEM. 
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The message p o i n t s  B i  a r e  d e f i n e d  t o  be  M un i formly  spaced  
numbers i n  an i n t e r v a l  on t h e  r e a l  l i n e .  F o r  convenience t h e  i n t e r v a l  
i s  made symmetr ica l  about  t h e  o r i g i n  and t h e  message p o i n t  s p a c i n g  i s  
made u n i t y  a s  shown i n  F i g .  2a.  To send a g iven  message 0 ,  an i t e r a t i v e  
p r o c e s s  of N forward  t r a n s m i s s i o n s  and ( N - 1 )  f eedback  t r a n s m i s s i o n s  
i s  per formed.  For  t h e  forward  channel ,  t h e  message i t s e l f  i s  s e n t  on 
t h e  f irst  t r a n s m i s s i o n  and n o i s e  c o r r e c t i n g  i n f o r m a t i o n  i s  s e n t  on t h e  
r ema in ing  ( N - 1 )  t r a n s m i s s i o n s .  The r e c e i v e r ' s  best e s t i m a t e  8 i s  
the feedback  p a t h  i n f o r m a t i o n  a t  each  t r a n s m i s s i o n .  
A 
1 1 -- 0 - 
2 2 2 
M even 
M- 1 -- M-1 
2 
--- -1 0 1 M- 1 M- 1 2 2 
M odd 
n f 
e ,  et 
a .  Message p o i n t  placement  
Yn 
8 , nt 1 
nt 1 
b .  S i g n a l s  across the  channe l  
FIG. 2 .  MESSAGE POINTS AND CHANNEL SIGNALS. 
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A g r a p h i c a l  r e p r e s e n t a t i o n  of t h e  scheme i s  shown i n  F i g .  2b.  Fo r  
- - 
- = G+l t h e  n o i s e l e s s  feedback  assumpt ion ,  ZA+l = 0, and fA+l 
'n+l 
the t r a n s m i t t e r  s ends  the  number 
A 
is assumed, A t  any s t a g e  n i n  the t r a n s m i s s i o n  of  message 8 ,  
f n '  
h 
is t h e  r e c e i v e r ' s  best e s t i m a t e  of 8 a t  s t a g e  n ,  an is a 'n where 
c o n s t a n t ,  and is a r b i t r a r i l y  set e q u a l  t o  z e r o .  The fo rward  channe l  
adds n o i s e  Z 
w i t h  va r i ance  
which i s  a z e r o  mean g a u s s i a n  random v a r i a b l e  ( g . r . v . )  
'n * 
2 
n 
The r e c e i v e r  o b t a i n s  
af * 
h 
The r e c e i v e r  c a l c u l a t e s  an i n t e r m e d i a t e  q u a n t i t y  
b e s t  e s t i m a t e  
and Q n 2 .  Fo r  a l l  n ,  mate g i v e n  
independent  g . r . v .  w i t h  mean 9 .  Thus 
en2 and t h e n  i t s  n e x t  
A 
which is t aken  t o  be t h e  maximum l i k e l i h o o d  esti-  
'n+l* 
n h A 
and en2 a r e  found t o  be 
'n 'n 
SEL -67-02 7 8 
2 
where -N(m, cr ) d e n o t e s  t h a t  the random v a r i a b l e  obeys a g a u s s i a n  p . d . f .  
2 A 
w i t h  mean m and v a r i a n c e  (r . I t  i s  s e e n  t h a t  'n+l N(8J ctn+l) 
due  t o  an e f f e c t i v e  noise  Z 
e n + l '  
n 
- Z 
e n + l  2 a2 i 
i=l 
( 2 . 5 )  
2 
=en+l 2 
i=l 
Each t r a n s m i s s i o n  is done by ampl i tude  modula t ing  a b a s i c  p u l s e  
form of d u r a t i o n  d by  f n J  such t h a t  t h e  expec ted  ene rgy  E e q u a l s  
the expec ted  v a l u e  of f n .  S e t t i n g  t h i s  e q u a l  t o  c o n s t a n t  E = P av d ,  
t h e  average  power c o n s t r a i n t  becomes an average  ene rgy  c o n s t r a i n t .  With 
M, Eb, and 
m i s s i o n  r a t e  RN a r e  now examined. 
n 
2 
b 
2 s p e c i f i e d ,  N ,  (an), error  p r o b a b i l i t y  PeJ and t r a n s -  
=f 
1. Energy  
A t  s t a g e  n ,  set the expected e n e r g y  c o n s t a n t ,  
E = E ( f n )  2 n  = Eb = P d 
n a v  
Def in ing  t h e  message p o i n t s  a s  i n  F i g ,  2 a ,  
9 
( 2 . 7 )  
( 2 . 8 )  
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where F2 approaches 3 . 0  for M 2 10 a s  shown i n  F i g .  3 .  
From ( 2 . 1 ) ,  
4.. 
3 '  
F2 
2 
1 
n-1 
* -  
e .  
The ref ore 
2 h l  
1 2F = E b  = a! (-) 
En 
2 2  
an uf 
2 n-1 
i= 1 
C ai 
n > l  
n > l  
*M 1 2 4 10 100 
FIG. 3 .  PARAW3TER F2 VS ENSEMBLE S I Z E  M .  
2 .  C o e f f i c i e n t s  {a!-} 
These c o e f f i c i e n t s  are  found from ( 2 . 1 0 ) .  
S E L - 6 7 - 0 2  7 10 
( 2 . 9 )  
( 2 . 1 0 )  
( 2 . 1 1 )  
Othe r  u se fu l  r e l a t i o n s  a re  a l s o  o b t a i n e d  from ( 2 . 1 0 ) ,  
3. Er ror  P r o b a b i l i t y  P, 
After 
s e n t .  
I ' eN+l  
r a t i o n  
( 2 . 1 2 )  
A 
a s  t h e  message 'N+1 N i t e r a t i o n s  t h e  r e c e i v e r  a c c e p t s  
An error is  committed i f  e f f e c t i v e  n o i s e  Z h a s  e N + 1  
> 1 /2 ,  i . e . ,  i f  i t  exceeds  h a l f  t h e  message p o i n t  sepa-  -
The p r o b a b i l i t y  t h a t  t h i s  o c c u r s  i s  
pe = 2[1 - O ( Y N ) l  
where a ( . )  i s  t h e  normal d i s t r i b u t i o n  f u n c t i o n  and 
( 2 . 1 3 )  
11 SEL-67-02 7 
yN 
( 2 . 1 4 )  
a s  f u n c t i o n s  of P a r e  shown i n  ueN+l e Curves of Y and 
F i g .  4 .  
N 
10-l0 
FIG. 4 .  
4 .  
0 eN 
e P 
PARAMETER YN AND REQUIRED STANDARD DEVIATION ueN+l vs Pe.  
Transmission Rate and Capaci ty  
The source  r a t e  RN i s  
tl 
1 % = ; log2 M b i t s / t r a n s m i s s i o n  
Using t h i s  r e l a t i o n ,  ( 2 . 1 4 )  can b e  expressed  a s  
-A Y = 2  
N 
( 2 . 1 5 )  
( 2 . 1 6 )  
SEL-67-027 12 
where 
Zero error probability requires 
N 
is maintained. Thus, with noiseless feedback this coding scheme 
achieves asymptotically Shannon's channel capacity. It is the 
first deterministic scheme to do so.  However, for a constant 
RN the consequences are severe: infinite message ensemble size 
M and an infinite number of iterations N .  
YN + m. This is obtained if 
% < Co = 1/2 log(1 + Eb/af) 2 is increased without bound while 
The preceding has been a review of Schalkwijk's result, reformulated 
for later development, The difference is that we obtain the (01,) under 
an average energy constraint, while Schalkwijk obtained the {an) by 
optimizing YN under the average power constraint. His results are 
N-1)/2 2F uf 
- -  
an - M 
y = - -  F(.1 + 2r2 
N M N  
uf 
(2.17) 
n > l  
(2.18) 
SEL-67-02 7 13 
( 2 . 1 9 )  
where E b  = PaVT/N and T i s  t h e  t i m e  f o r  N i t e r a t i o n s .  
Under bo th  f o r m u l a t i o n s  t h e  t o t a l  energy  p e r  message i s  NE how- b; 
2 
e v e r ,  t h e  optimum f o r m u l a t i o n  p l a c e s  
t r a n s m i s s i o n  and Eb - ( 1 / N )  c: i n  each  remain ing  i t e r a t i o n .  Optimi- 
E b  + ( N - l ) c f / N  i n  t h e  f irst  
2 
z a t i o n  o b t a i n s  an e r r o r  p r o b a b i l i t y  improvement i n  t h e  low E ~ / u ~  re- 
g i o n .  T h i s  is  shown by comparing YN under  t h e  two f o r m u l a t i o n s  i n  
F i g .  5. I n  t h i s  r e p o r t  t h e  ave rage  ene rgy  c o n s t r a i n t  w i l l  be used ,  f o r  
it s i m p l i f i e s  t h e  e x p r e s s i o n s  encountered  a s  t h e  v a r i o u s  p r a c t i c a l  a s p e c t s  
of t h e  scheme a r e  e x p l o r e d .  
FIG. 5. RATIO OF YN FOR OPTIMUM FORMULATION TO YN FOR AVERAGE 
ENERGY PER TRANSMISSION CONSTRAINT. 
B .  CODING WITH NOISELFSS FEEDBACK AND SMALL N 
P r a c t i c a l  a p p l i c a t i o n s  of t h e  coding  scheme r e q u i r e  t h a t  b o t h  M 
and N b e  sma l l .  I n  t h i s  s e c t i o n  w e  examine t h e  r e l a t i o n s  between M ,  
SEL-67-027 1 4  
2 
N ,  E b / a f ,  Pe, RN, and C and t h e  performance t o  5e achieved  w i t h  t h e  
coding  scheme. 
According t o  t h e  t h e o r y  of or thogonal  s i g n a l i n g ,  each  of t h e  N 
fo rward  t r a n s m i s s i o n s  is a dimension. The channel  c a p a c i t y  C and 
s o u r c e  r a t e  % a r e  t h e n  expressed  i n  b i t s  p e r  d imens ion ,  
( 2 . 2 0 )  
( 2 . 2 1 )  
1 
RN =; l o g 2  M 
C and R a r e  p l o t t e d  i n  F i g .  6 ,  The r e l a t i v e  t r a n s m i s s i o n  r a t e  i s  N 
RN 
P = C  ( 2 . 2 2 )  
2 2 
Given o p e r a t i n g  c o n s t r a i n t s  M, N ,  E b ,  Eb/uf o r  M,  Pe,  Eb,  Eb/uf,  
one  o b t a i n s  
( a )  Pe o r  N from F i g .  4 and Eq. ( 2 . 1 4 ) ,  
( b )  RN and p from ( 2 . 2 1 )  and ( 2 . 2 2 ) ,  r e s p e c t i v e l y ,  
( c )  The c o e f f i c i e n t  se t  {an) from ( 2 . 1 1 )  and t h e  g a i n  r ange  
aN/al from 
N-2)/2 
N > 1 ( 2 . 2 3 )  - -  aN - [+r( 1 + -  ':I =! - ( 1 -I-- '!r u yN 
uf uf 1 
a 
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. 1  1 . 0  10 100 E b b  
2 
f 
( a )  Channel c a p a c i t y  vs  s ignal - to-noise  r a t i o  
m 
u 
$ . l -  
z 
d 
1 10 100 N 
( b )  Source r a t e  R v s  N ,  M 
N 
FIG. 6 .  CHANNEL CAPACITY AND SOURCE RATE FOR THE CODING SCHEME. 
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or P be s p e c i f i e d ,  
E b J  av ' Note t h a t  to  de termine  {a ) r e q u i r e s  t h a t  
whereas  o n l y  Eb/uf is r e q u i r e d  f o r  t h e  o t h e r  q u a n t i t i e s .  
n 
2 
Pe, p ,  and CXN/al have boen examined n u m e r i c a l l y  a s  f u n c t i o n s  of  
N and E /a . C o n s i d e r a t i o n  h a s  been l i m i t e d  t o  M e q u a l s  2 ,  10,  and 
100, and -10 db  < E /r2 < 20 db ,  
s i t u a t i o n s .  The r e s u l t s  a r e  p re sen ted  i n  F i g s .  7 ,  8, and 9 .  The t i m e  
normal ized  c o e f f i c i e n t  a1/& i s  p r e s e n t e d  i n  F i g .  10 a s  a f u n c t i o n  of 
P .  av 
2 
b f  
t h e s e  be ing  r e p r e s e n t a t i v e  of p r a c t i c a l  - b f -  
r anges  between 1 and 450. Note O " N k  
For  t h e  c a s e s  cons ide red ,  
2 
t h a t  t h i s  r a t i o  d e c r e a s e s  w i t h  Eb/cf  f o r  f i x e d  N. T h i s  is exp la ined  
a s  f o l l o w s .  A t  s t a g e  n t h e  r e c e i v e r  h a s  
ance 
A 
- w i t h  v a r i -  'n+l - e + 'en+l 
- Z h a s  energy  2 n + l  - %+I e n + l  The nex t  t r ansmiss ion  uen+l  
i s  s m a l l ;  t h e r e f o r e ,  2 2  With l a r g e  Eb/crf, 2 n  = E b ,  uen+l 
a2 
n + l  aen+l 
a >> an 
and it  f o l l o w s  t h a t  an i s  o n l y  s l i g h t l y  l a r g e r  t h a n  
f o r  a l l  n .  With s m a l l  E b / u f ,  2 i s  r e l a t i v e l y  l a r g e  uen+ 1 - n 
'n-1. 
The f o l l o w i n g  a r e  g e n e r a l  o b s e r v a t i o n s  on t h e  behav io r  of t h e  coding  
scheme. With M s p e c i f i e d ,  t h e r e  i s  a d i s t i n c t  o p e r a t i n g  r e g i o n  i n  t h e  
P --E /u2 p l a n e  f o r  each  N .  As N i n c r e a s e s ,  t h e  lower bound on 
e b f  
2 
Eb/mf 
t h a t  N = 1 p r e c l u d e s  feedback  and t h a t  f o r  M > 10 and E /a < 20 db ,  
N must be g r e a t e r  t han  one .  The scheme o p e r a t e s  under  bo th  p o s i t i v e  and 
n e g a t i v e  ( i n  d b )  s i g n a l - t o - n o i s e  r a t i o s ,  w i t h  10"O < P < and 
p > 0.3 o b t a i n a b l e  i n  bo th  cases .  However, i ts  use  for  E /a < 0 db 
must be g iven  c a r e f u l  c o n s i d e r a t i o n  due t o  h i g h  s e n s i t i v i t y  t o  v a r i a t i o n s  
w i t h  t i m e  i n  t h e  n o i s e  power 
p --E /a 
and f i x e d  M .  Note 'e d e c r e a s e s  f o r  a s p e c i f i e d  upper  bound on 
2 
b f -  -
e 
2 
b f  
2 
( c f ) .  A s  s een  i n  F i g s .  7 ,  8, and 9,  t h e  
2 
e b f  
c u r v e s  a r e  s t e e p  s loped ,  becoming a lmost  v e r t i c a l  f o r  
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M =  2 
M =  10 
M =  100 
- I I 1 4 I 1 P av (watts) 
1 o - ~  1 
F I G .  10. PLOT OF CXl/& VS P AND MESSAGE ENSEMBLE SIZE M .  
av  
2 
b f -  E /u  < 0 db.  T h i s  m a t t e r  i s  cons ide red  f u r t h e r  i n  S e c t i o n  G 1 .  
A s  would be expec ted ,  Pe and p d e c r e a s e  a s  N i s  i n c r e a s e d  f o r  
and p i n c r e a s e  w i t h  M f o r  N 2 'e f i x e d  M and E b / a f .  Converse ly ,  
i n c r e a s e s  2 2 and Eb/uf f i x e d .  F i n a l l y ,  Pe and p d e c r e a s e  a s  Eb/af 
f o r  M and N f i x e d ,  Two meaningful  v a l u e s  a r e  t h e  lower bound on N 
and t h e  upper  bound on p when Pe i s  as s igned  an upper  bound. The 
uppe r  bound on p f o l l o w s  from i ts  i n v e r s e  r e l a t i o n s h i p  t o  N .  These  
bounds a r e  shown i n  F i g s .  11 and 12 a s  f u n c t i o n s  of  
bounds on Pe of 10 
shown a s  con t inuous ,  whereas  i n  r e a l i t y  t h e  n e a r e s t  i n t e g e r  g r e a t e r  t han  
o r  e q u a l  t o  N and i t s  cor responding  p a r e  t h e  v a l u e s  t h a t  app ly .  
2 
E /a b f  f o r  upper  
-3 and lo-'. I n  t h e s e  curves  N and p a r e  
-6 
I f ,  a s  g e n e r a l  r equ i r emen t s ,  one  r e q u i r e d  P < 10 , N < 10, and e -  
2 
-10 db  5 Eb/af 5 20 db ,  i t  can be s a i d  t h a t  
( a )  Fo r  M = 2 ,  t h e  coding scheme i s  u s e f u l  f o r  E u > -3 db,  df"  
and 0 . 2  < p < 0 .4  i s  o b t a i n e d .  
2 1  SEL-67-02 7 
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2 
b f  (b) For M = 10, the coding scheme is useful for E /a > 0 db, 
and 0.4 < p < 0 . 6 7  is obtained. 
2 
(c) For M = 100, the coding scheme is useful for Eb/uf > 3.5 db, 
and 0 .67  < p < 0.8 is obtained. 
It is concluded that for small N and M the coding scheme can provide 
high performance, as measured by Pe and p ,  
It is also possible to consider its use for 
tant aspects in the realization of the scheme are now considered. 
for 0 db - < Eb/u: < 20 db. 
2 
Eb/uf < 0 db. Other impor- 
C. LOOP AND DATA PROCESSING DELAYS 
The preceding section effectively assumed instantaneous transmission 
over both channels and instantaneous data processing. However, in real 
situations transmission and data processing delays that are significant 
relative to iteration time d would be encountered. For example, a 
pulse of electromagnetic energy takes about 5.4 seconds to traverse one 
million miles in space. 
Efficient communication requires block transmission of messages. 
is sent. If 1 2  KD At n = 1, a block of first transmissions fl, fl’ . . ’ ,  fl 
TD is the one-way time delay and d the iteration time, the block 
length KD is 
2TD - -  
KD- d (2.24) 
Error correcting information for the remaining (N-1) iterations is also 
sent in blocks of length It is evident that with block transmission, 
loop delay does not decrease the transmission rate in bits/dimension. 
5. 
SEL-6 7-02 7 24 
I n  most a p p l i c a t i o n s  2TD w i l l  be of a l e n g t h  r e q u i r i n g  d i g i t a l  
s t o r a g e .  Throughout t h e  N i t e r a t i o n s ,  KD messages must be s t o r e d  a t  
t h e  t r a n s m i t t e r  and KD best e s t i m a t e s  a r e  s t o r e d  a t  t h e  receiver, t h e s e  
best e s t i m a t e s  b e i n g  updated  a t  each s t a g e .  The s t o r a g e  r e q u i r e m e n t s  a r e  
i n v e s t i g a t e d  i n  S e c t i o n  F. 
With t h e  u s e  of d i g i t a l  s t o r a g e ,  i t  is  a p p r o p r i a t e  t o  do a l l  t r a n s -  
m i t t e r  and r e c e i v e r  d a t a  p r o c e s s i n g ,  such a s  ( 2 . 1 )  and ( 2 . 4 ) ,  by d i g i t a l  
means. Bes ides  t h e  g a i n s  i n  p rocess ing  speed ,  s t a b i l i t y ,  and r e l i a b i l i t y  
o v e r  co r re spond ing  a n a l o g  methods,  g r e a t e r  e a s e  and f l e x i b i l i t y  t o  change 
t h e  an c o e f f i c i e n t s  i s  o b t a i n e d .  I t  i s  n e c e s s a r y  t o  change a a s  
t h e  i t e r a t i o n s  p roceed  and t o  change t h e  set  
o p e r a t i o n  unde r  long-term Eb/cf v a r i a t i o n s .  F u r t h e r ,  change of t h e  
s i z e  of {an) 
n 
{an) t o  ma in ta in  optimum 
2 
i s  more r e a d i l y  accomplished i n  t h e  d i g i t a l  system. 
The coding  scheme and c h a n n e l  v a r i a b l e s  a r e  d e f i n e d  i n  terms of 
c o n t i n u o u s  v a r i a b l e s .  D i g i t a l  s t o r a g e  t h e n  r a i s e s  t h e  need f o r  analog-to-  
d i g i t a l  (A/D)  
a t  t h e  t e r m i n a l s .  
and d i g i t a l - t o - a n a l o g  (D/A)  conve r s ion  of channel  s i g n a l s  
The D/A convers ion  t i m e ,  t h e  computat ion times re- 
q u i r e d  by ( 2 . 1 )  and ( 2 . 4 ) ,  t h e  s t o r a g e  and r e t r i e v a l  times a l l  c o n t r i b u t e  
t o  t h e  d a t a  p r o c e s s i n g  d e l a y s .  I t  is e v i d e n t  t h a t  r e a l - t i m e  p r o c e s s i n g  
is required, and t h a t  t h e  p r o c e s s i n g  d e l a y s  of both t r a n s m i t t e r  and re- 
c e i v e r  must be less t h a n  d .  Thus,  t h e  s m a l l n e s s  of d i s  l i m i t e d  by 
equipment  s p e e d .  I t  i s  concluded t h a t  l o o p  d e l a y  does  n o t  d e c r e a s e  t h e  
r a t e  i n  b i t s /d imens ion ,  but it does  l i m i t  t h e  r a t e  i n  b i t s / s e c o n d .  
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D .  THE FEEDBACK CHANNEL 
Thus f a r  n o t h i n g  has  been s a i d  about  t h e  feedback  channel  excep t  
t h a t  i t  was assumed t o  be n o i s e l e s s  and t h a t  t h e  r e c e i v e r ' s  b e s t  e s t i m a t e  
was s e n t  over  t h i s  p a t h .  I t  is  n e c e s s a r y  t o  c o n s i d e r  t h i s  channel  i n  
d e t a i l ,  i n  r ega rd  t o  t h e  method of  s i g n a l i n g  and t h e  e f f e c t  of  channel  
n o i s e .  A coding scheme p e r m i t t i n g  o p e r a t i o n  unde r  s i g n i f i c a n t  feedback  
channe l  no i se  and whose performance can r e a d i l y  be  e v a l u a t e d  h a s  n o t  y e t  
been ob ta ined .  What i s  done, t h e r e f o r e ,  i s  to  e s t a b l i s h  t h e  n e c e s s a r y  
f eedback  channel  s igna l - to -no i se  r a t i o  i n  o r d e r  f o r  t h e  n o i s e l e s s  feed- 
back assumption t o  be v a l i d .  T h i s  channel  is  assumed to  add z e r o  mean 
g a u s s i a n  no i se  w i t h  v a r i a n c e  
2 
ar' 
1. D i g i t a l  Feedback 
With t h e  requi rement  f o r  d i g i t a l  s t o r a g e ,  t h e  r e c e i v e r ' s  b e s t  
A 
is  a v a i l a b l e  a s  a DR d i g i t  b i n a r y  number, a s i g n  d i g i t  On+ 1 e s t i m a t e  
and ( D R - l )  magni tude d i g i t s .  With a noiseless  feedback  channe l ,  t h e  
e s t i m a t e  could be t r a n s m i t t e d  d i g i t a l l y .  T h i s  would r e q u i r e  i n c r e a s e d  
f eedback  channel bandwidth,  on t h e  o r d e r  of D times t h a t  of t h e  f o r -  
ward channel .  However, D/A and A/D c o n v e r t e r s  a t  feedback  channel  ter-  
m i n a l s  a r e  e l i m i n a t e d .  
R 
A 
by t r a n s m i t t i n g  t h e  DR b i n a r y  
'n+ 1 L e t  t h e  r e c e i v e r  send  
d i g i t s  over  t h e  feedback  channe l .  L e t  
mate of 
p r o b a b i l i t y  of  e r r o r  i n  a s i n g l e  b i n a r y  d i g i t ,  t h e  p r o b a b i l i t y  t h a t  
is  i n  e r r o r  is 
be t h e  t r a n s m i t t e r ' s  es t i -  %+1 
A 
o b t a i n e d  from t h e  n o i s y  feedback  s i g n a l .  With p t h e  On+ 1 
SEL-67-027 
DR = 1 - (1-P) PLn+ 1 
26 
( 2 . 2 5 )  
i . e . ,  one minus t h e  p r o b a b i l i t y  t h a t  it i s  correct.  The t o t a l  error 
p r o b a b i l i t y  f o r  t h e  ( N - 1 )  feedback t r a n s m i s s i o n  i s  
S u b s t i t u t i n g  (2.25) i n  (2.26) 
(2.26) 
(2.27) 
A 
p '  
'n+l'  e By cod ing  
s p e c i f y  h e r e  a r e s t r i c t ive  code.  
cou ld  be less t h a n  (2.27), b u t  i t  i s  u n d e s i r a b l e  t o  
The p o i n t  of view i s  taken t h a t  on t h e  average  an error i n  any 
h 
t h e  f i n a l  re- 'N+1' f eedback  t r a n s m i s s i o n  w i l l  r e s u l t  i n  an error i n  
ceiver e s t i m a t e .  W e  s e e k  the r e q u i r e d  feedback  s i g n a l - t o - n o i s e  r a t i o  
Ek//crr t o  o b t a i n  P '  < Pe f o r  the n o i s e l e s s  f eedback  coding  scheme. 
Then the o v e r a l l  error p r o b a b i l i t y  i s  less than  
2 
e 
2Pe. 
L e t  b i n a r y  0 co r re spond  to  z e r o  s i g n a l  ampl i tude ,  b i n a r y  1 to  
2 
ampl i tude  B, and t h e  f eedback  p u l s e  energy  by B . Then 
Unders tanding  t h a t  p = Q << 1 is  n e c e s s a r y ,  
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S i n c e  Q has  an upper  bound [Ref .  2 ,  p .  831, P '  can be boucded 
e 
( 2 . 3 0 )  
Assuming an e q u a l  d i s t r i b u t i o n  of b i n a r y  ones  and z e r o s ,  t h e  feedback  
s i g n a l - t o - n o i s e  r a t i o  is 
E; 1 B2 - - - -  
2 - 2  2 
and 
( 2 . 3 1 )  
( 2 . 3 2 )  
2 
The uppe r  bound on PL/NDR a s  a f u n c t i o n  of Ei/uf is shown i n  F i g .  13. 
I t  is  concluded  t h a t  the feedback  t r a n s m i s s i o n  can be by d i g i t a l  
means. The o v e r a l l  s y s t e m  performance can be  e v a l u a t e d  assuming n o i s e -  
less feedback p rov ided  t h e  ",'/a, r a t i o  i s  s u f f i c i e n t  t o  o b t a i n  P '  < P 
r e q u i r e d  of t h e  sys tem.  S i n c e  D < 1 5  and N < 100 i n  g e n e r a l ,  F i g .  13 
shows t h a t  about 20 d b  s i g n a l - t o - n o i s e  r a t i o  i n  t h e  feedback  channel  i s  
r e q u i r e d .  
2 
e -  e 
R -  
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c 
e P' 
* DR - 
10 -121 
0 
1 I 1 I I t 
4 8 12 16 20 Et /a (db) b r  
FIG. 13. UPPER BOUND ON P ~ / N D ~  vs E; /V~ .  2
e 
2. Analog Feedback 
The a l t e r n a t e  mode of feedback t r a n s m i s s i o n  is  to  D/A conve r t  
A 
i n t o  an ana log  q u a n t i t y  which i s  s e n t  o v e r  t h e  feedback  channel  'n+ 1 
by t h e  modula t ion  t echn ique  employed f o r  t h e  fo rward  channe l .  A/D con- 
v e r s i o n  a t  t h e  t r a n s m i t t e r  of t h e  incoming feedback  s i g n a l  i s  n e c e s s a r y  
t o  per form t h e  t r a n s m i t t e r  c a l c u l a t i o n s  by d i g i t a l  means. 
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With r e f e r e n c e  t o  F i g .  2b,  t h e  forward channel  coding  i s  t h e  
same a s  i n  S e c t i o n  A and t h e  r e c e i v e r  s ends  
A 
( 2 . 3 3 )  - li+l - @ ( e  + z ~ ~ + ~ )  = 
o v e r  t h e  feedback p a t h ,  w i t h  f5 a c o n s t a n t ,  Feedback channel  n o i s e  
Z '  i s  added and t h e  t r a n s m i t t e r  o b t a i n s  n+ 1 
+ Z '  ( 2 . 3 4 )  G+l = fli+l n + l  
A 
f o r  
'n+ 1 
of 
%+l The t r a n s m i t t e r  t h e n  c a l c u l a t e s  i t s  b e s t  e s t i m a t e  
u s e  i n  t h e  nex t  forward  t r a n s m i s s i o n  n + l *  
( 2 . 3 5 )  1 @;+I = G+l 
- an+,(e - e;+l) ( 2 . 3 6 )  n + l  
The behavior  of t h e  p r o c e s s  is  ske tched  i n  Appendix A . 1 .  I t  i s  found 
t h a t  a f t e r  N i t e r a t i o n s ,  
A 
h a s  v a r i a n c e  'N+1 
where 
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2 
- uf 
2 
- 2 
u e N + l  
an 
a; + c 2 
n=2 1 + B n 
30 
( 2 . 3 7 )  
(2.38) 
The c r i t e r i o n  f o r  the n o i s e l e s s  f eedback  assumption i s  t a k e n  
t o  be a s p e c i f i e d  s m a l l  change i n  t h e  error p r o b a b i l i t y .  C l e a r l y ,  
B << 1 f o r  a l l  n i s  r e q u i r e d .  2 
n 
The f o l l o w i n g  close approximation can be made: 
2 - -
2 N 
n=2 
x 
ueN+ 1 
n a: + C r 2 ( 1  - Bn) 2 2  n 
n= 1 
S e t t i n g  t h e  {a,.) a c c o r d i n g  t o  ( 2 . 1 1 ) ,  
2 
= 2 
a e N + l  
o r  
x 
2 
u e N + l  
( 2 . 3 9 )  
( 2 . 4 0 )  
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where 
2 ur 6 = -  2 2  
af 
I t  follows t h a t  the error p r o b a b i l i t y  pa rame te r  i s  
= YN(l  - <) 
( 2 . 4 1 )  
( 2 . 4 2 )  
2 
assuming 6 << 1. As e x p e c t e d ,  t h i s  pa rame te r  i s  dec reased  from t h a t  
f o r  n o i s e l e s s  f e e d b a c k .  
by f e e d -  'e S p e c i f y i n g  t h e  a l l o w a b l e  s m a l l  d e g r a d a t i o n  i n  
2 
back n o i s e  d e t e r m i n e s  through Y& t h e  uppe r  bound on 6 . Consider  
lo-'' < Pe < Less  t h a n  o n e  o r d e r  of magnitude i n c r e a s e  i n  Pe i s  
2 2 
had f o r  6 < 0 . 1 ;  f o r  6 < 0.03 t h e  i n c r e a s e  i s  less t h a n  a f a c t o r  
of 2 .  With an  upper  bound on 62 s p e c i f i e d ,  t h e  lower bound on feed-  
back g a i n  f a c t o r  @ i s  found from ( 2 . 4 1 ) .  A weak lower bound i s  
( 2 . 4 3 )  
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I t  is  found t h a t  @ from ( 2 . 4 3 )  is no more than  twice t h e  e x a c t  v a l u e  
from ( 2 . 4 1 )  and t h u s  t h e r e  i s  a t  most 3 db d i f f e r e n c e  i n  t h e  r e q u i r e d  
feedback  channel  s i g n a l - t o - n o i s e  r a t i o .  From ( 2 . 3 8 )  and ( 2 . 4 3 )  i t  can 
n-N 2 2 
be shown t h a t  B < 6 (1 + E b / a , )  n < 82. 
2 
n Assuming B << 1 and the  (an) g iven  by ( 2 . 1 1 ) ,  t h e  expec ted  
ene rgy  of t h e  feedback  t r a n s m i s s i o n s  EA+l = E [(fA+l)2] v a r i e s  w i t h  n 
= 1 t o  a minimum 
a t  n = N - 1 .  The average  
ene rgy  i s  
2 For B << 1, 
n 
2 
uf = 2 
uen+ 1 
and 
r 7 
( 2 . 4 5 )  
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Combining ( 2 . 4 3 )  and ( 2 . 4 5 ) ,  t h e  lower bound on t h e  r e q u i r e d  feedback  
channel  s i g n a l - t o - n o i s e  r a t i o  t o  pe rmi t  t h e  n o i s e l e s s  feedback  assumption 
is 
( 2 . 4 6 )  
2 
Curves of t h e  r e q u i r e d  E ," f o r  6 = 0.1 and a s  f u n c t i o n s  Y r  
of M and E /a2 a r e  p r e s e n t e d  i n  F i g .  14 .  I n  de t e rmin ing  t h e s e  c u r v e s  b f  
2 
N f o r  a given M and Eb/uf was o b t a i n e d  from F i g .  11. The r e q u i r e d  
s i g n a l - t o - n o i s e  r a t i o  i s  h i g h ,  much more t h a n  20 db  i n  g e n e r a l .  The 
i s  s e n t  o v e r  problem wi th  t h i s  approach i s  t h a t  8 ,  t h e  mean of 
t h e  feedback p a t h  each  t i m e .  Fo r  n > 1 t h i s  i s  a was te  of  energy  t h a t  
A 
'n+1* 
. 1  = 2  1 10 100 Eb/Gf 
2 
I N  Pe VS Eb/< AND M, FEEDBACK. 
FIG. 14. PLOT OF EA/ar FOR P S S  THAN A FACTOR OF 10 CHANGE 
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c o u l d  be p l a c e d  i n t o  t h e  u s e f u l  feedback i n f o r m a t i o n  Zen+l ,  F u r t h e r ,  
s i n c e  t h e  ene rgy  i n  
no ise  Z '  becomes more pronounced. I n  e s s e n c e ,  EL/., must be  set 
by t h e  l a s t  feedback  t r a n s m i s s i o n .  I t  i s  d e s i r a b l e ,  t h e n ,  t o  send 
f '  - Z f o r  n > 1 and have E [ ( f A + l ) 2 ]  = EA. 
d e c r e a s e s  w i t h  n ,  t h e  e f f e c t  of feedback  
"en+l 
2 
n+ 1 
n+ 1 - 'n+1 e n + l  
The f o l l o w i n g  method i s  cons ide red  f o r  removing t h e  mean; w i t h  
n o i s e l e s s  f eedback ,  t h e  resu l t s  are p r e c i s e l y  t h o s e  of  S e c t i o n s  A and B .  
Again,  f o r  t h e  r e c e i v e r  c a l c u l a t i o n s ,  {an )  and IDn+,)  a r e  e s t a b l i s h e d  
from t h e  n o i s e l e s s  feedback  c a s e .  From ( 2 . 4 )  
( 2 . 4 7 )  
For  t h e  feedback  p a t h  
A h 
- z  ) a - fli+l - Bn+l(0n+l  - 0 n = Bn+l(Zen+l  en  
+ Z '  
G + l  = f;+l n + l  
( 2 . 4 8 )  
( 2 . 4 9 )  
( 2 . 5 0 )  
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The behavior  of t h i s  p r o c e s s  i s  
‘N+1 t h a t  a f t e r  N i t e r a t i o n s  
n 
n= 1 
o r  
where 
ske tched  i n  Appendix A.2.  I t  i s  found 
h a s  v a r i a n c e  
2 
+ ur 
.-. z 
n= 1 
2 
- af (1 + “2)  2 .  
u e N + l  
2 
6 = -  2 ar 
2 N 2  C an 
n= 1 
2 
The error p r o b a b i l i t y  pa rame te r  i s ,  f o r  6 << 1, 
SEL-67-027 
y‘  = 1 -   yN %3 yN > YN(l - $) 
2 x. 62 
( 1 + 6 )  1 + -  2ueN+1  2 
36 
( 2 . 5 1 )  
(2 .52 )  
( 2 . 5 3 )  
( 2 . 5 4 )  
With no feedback channel n o i s e  and {an) from ( 2 . 1 1 ) ,  
;+1 
and 
I 
I t  fol lows that  
. n-1  
n > l  
( 2 . 5 5 )  
( 2 . 5 6 )  
( 2 . 5 7 )  
( 2 . 5 8 a )  
( 2 . 5 8 b )  
k > 2 ( 2 . 5 8 ~ )  
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Combining ( 2 . 1 1 ) ,  ( 2 . 5 3 1 ,  ( 2 . 5 8 ) ,  and u s i n g  
m=n 
or 
- 1 
b 1 + -  2 
E 1 +  
uf 
( 2 . 5 9 )  
( 2 . 6 0 )  
SEL -6 7-02 7 38 
t h e  'e 9 Again w i t h  62 set by t h e  al lowed s m a l l  i n c r e a s e  i n  
2 
r e q u i r e d  E k / a r  r a t i o  is 
+ uf 
( 2 . 6 1 )  
The r e q u i r e d  feedback  channe l  s i g n a l - t o - n o i s e  r a t i o  is h i g h  i n  g e n e r a l ,  
much above 20 d b .  R e p r e s e n t a t i v e  v a l u e s  a r e  g iven  i n  F i g .  15. The 
problem i n  t h i s  scheme i s  t h e  accumulat ion of f eedback  n o i s e  terms, 
a s  ev idenced  i n  ( A . l l )  and ( A . 1 3 )  of Appendix A .  O the r  a t t e m p t s  a t  re- 
moving t h e  mean from t h e  feedback  s i g n a l  have m e t  s i m i l a r  d i f f i c u l t i e s .  
I t  i s  concluded t h a t  f o r  r easonab le  
e a s e  of implementa t ion ,  a d i g i t a l  f eedback  channel  should  be used i n  t h e  
coding  scheme. 
2 
E i / a ,  
r equ i r emen t s ,  a s  w e l l  a s  
2 Et /a 
b r  
db 
60 
40 
20 
I I I 
2 
1 1 10 100 Eb/af 
2 
FIG. 1 5 .  PLOT OF Ei/ur FO,R LESS XHAN A FACTOR OF 10 CHANGE I N  
Pe VS Edu; AND M ,  Bn(On+l - 8 n ) FEEDBACK. 
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E ,  QUANTIZATION EFFECTS 
I t  i s  in t ended  t h a t  forward  channel  t r a n s m i s s i o n  f n  be s e n t  by 
ampl i tude  modulat ing a b a s i c  p u l s e  waveform. The d i g i t a l  s t o r a g e  r e q u i r e -  
ment r a i s e s  t h e  need f o r  AID conver s ion  a t  t h e  r e c e i v e r  of t h e  incoming 
s i g n a l  and, t h e r e f o r e ,  q u a n t i z a t i o n .  I n  t h e  c a s e  of ana log  feedback  
s i g n a l i n g ,  A/D conve r s ion  of t h e  incoming s i g n a l  is  a l s o  r e q u i r e d  a t  
t h e  t r a n s m i t t e r .  We examine i n  t h i s  s e c t i o n  t h e  number of q u a n t i z a t i o n  
l e v e l s  and q u a n t i z a t i o n  g r a i n  s i z e  r equ i r emen t s  and t h e  e f f e c t  of  q u a n t i -  
z a t i o n  on s y s t e m  performance.  The b a s i s  f o r  t h i s  a n a l y s i s  i s  e s t a b l i s h e d  
i n  Appendix B .  I t  is 
1. Peak Power 
a l s o  n e c e s s a r y  t o  c o n s i d e r  peak power r equ i r emen t s .  
Message p o i n t s  a r e  l i m i t e d  t o  +(M-1)/2. T h e r e f o r e ,  a t  n = 1, 
l f l l  = a 1 e max = F(Y)& < F&b 
m ax 
F o r  n >1, f n  i s  a 
t h a t  1 f n  1 exceeds  
p r o b a b i l i t y  t h a t  one 
2 2 = F 2 ( Y )  E b  < F Eb 
max 
( 2 . 6 2 )  
The p r o b a b i l i t y  E b '  z e r o  mean g .  r .  v .  w i t h  v a r i a n c e  
or more of t h e  I fn l  , n = 2 ,  . . . , N exceeds  K 6 
N - 1  i s  1 - (1-p)  IT (N-1)p 
a l s o  t h e  p r o b a b i l i t y  t h a t  
times t h e  average  energy ,  
< 2N[1 - @ ( K ) ] ,  assuming p << 1. T h i s  i s  
t h e  t r a n s m i t t e r  peak ene rgy  E 
i . e . ,  
exceeds  K2 
nPk 
a 2 
nPk 
PT = P(E > K E b )  < 2N[1 - @ ( K ) ]  
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( 2 . 6 3 )  
I n  p r a c t i c e ,  E is  l i m i t e d .  Of i n t e r e s t  h e r e  i s  t h e  K 
nPk 
r e q u i r e d  f o r  minimal e f f e c t  on the  performance o f  t h e  coding  scheme. 
3 -  
2 -  
1-  
0, 
Should an E n  
t h e  a s s o c i a t e d  f n  w i l l  b e  t runca ted  i n  ampl i tude .  The p r o b a b i l i t y  of 
one  or  more t r u n c a t i o n s  i n  a cyc le  of N i t e r a t i o n s  i s  PT. A s  i n  t h e  
c a s e  of feedback  n o i s e ,  a t t e m p t s  to f o l l o w  a t r u n c a t i o n  through a c y c l e  
of i t e r a t i o n s  a r e  n o t  ve ry  rewarding.  
e f f e c t  i s  had by c o n s i d e r i n g  t r u n c a t i o n  a p o s s i b l e  sou rce  of e r r o r  and 
r e q u i r i n g  pT 5 P . A p l o t  of K a s  a f u n c t i o n  of P /N i s  g iven  i n  e T 
F i g .  16 .  I t  i s  found below t h a t  4 < K < 7 ;  t h e r e f o r e ,  16  Eb < E < - npk - 
49 Eb.  
p r o v i d i n g  peak power 16 t o  49 t imes t h e  ave rage  power. 
exceed t h e  peak c a p a b i l i t y  of  t h e  t r a n s m i t t i n g  equipment,  
A c o n s e r v a t i v e  e s t i m a t e  of t h e  
Thus,  t h e  t r a n s m i t t e r  ou tpu t  power a m p l i f i e r  must be capab le  of 
I I I I & f I 
K 
FIG, 1 6 .  NUMBER OF STANDARD DEVIATIONS OF SIGNAL LIMITING K VS PT/N. 
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2, Receiver  Q u a n t i z a t i o n  
a .  Gra in  S i z e  
A t  t h e  r e c e i v e r  t h e  con t inuous  g a u s s i a n  random v a r i a b l e  
* Y i s  t ransformed i n t o  a d i s c r e t e  random v a r i a b l e  yn f o r  d a t a  pro-  
c e s s i n g .  The q u a n t i z e r  h a s  g r a i n  s i z e  
n 
maximum ampl i tudes  kQR, and 
qR * 
q u a n t i z a t i o n  n o i s e  w . From Appendix B, w e  r e q u i r e  n 
(2.64) 
w i t h  c o n s t a n t  LR 2 1. 
v a r i a n c e  of 
Then t h e  p r o b a b i l i t y  mass f u n c t i o n ,  mean, and 
* 
a re  'n 
a3 
m * = m  
'n 'n 
2 
(2.65) 
(2.66) 
(2.67) 
'n where py(y)  i s  t h e  p . d . f .  of * FI 
t o  o b t a i n  which w i l l  
'n The receiver p r o c e s s e s  
* 
Once a g a i n ,  i n a b i l i t y  t o  follow t h e  
'n. now reflect  the d i s c r e t e n e s s  of 
p r o c e s s i n g  of d iscrete  q u a n t i t i e s  th rough N , i t e r a t i o n s  l e a d s  t o  an 
e n g i n e e r i n g  approximat ion .  Based on Appendix B and w i t h  LR 2 1, t h e  
f o l l o w i n g  approximation i s  made: 
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Ufe 2 = {(l.”) 
12 LR 
The quantization of fn corrupted by noise Z 
is well approximated by 
p l u s  an independent, uniformly distributed quan- 
tization noise w_. 
n 
corrupted by Z 
fn n 
-. 
The approximation is particularly good as regards statistical moments. 
The p.d.f. of this continuous model is the convolution of 
pw(w), the p.d.f.’s of Z and w respectively. 
pz(z) and 
n n’ 
z = z  + w n  nt n 
Pz (z) = Pz * pw = - (+qR’2 pz(Ct) dCt (2.68) 
nt ‘R Z-qR/2 
the convolution is a scanning of P (Z) qR Z With our restriction on 
by a narrow window of unit area, resulting approximately in a broadened, 
decreased-amplitude replica of pz(Z). This forms the basis for the 
second and final approximation: 
fn With sufficiently fine quantization 
is effectively corrupted by gaussian noise of mean 
zero and variance 
(LR 2 l), 
(2.69) 
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System performance can now be evaluated as in Section B 
+ (qi/12) in all expressions. LR is determined from 
2 2  
uf + uf using 
an allowable increase in the error probability due to quantization noise. 
With quantization, the variance of ‘N+ 1 becomes 
h 
2 2 
Df(l + 1/12 LR) 
- 2 
aeN+l 
n= 1 
(2.70) 
quantization has increased the uf’ With the (an) based on Eb and 
effective variance and decreased error probability parameter YN by 
1/12 L2 << 1 
lo-’ < P < e R 
= 2.35, respectively. In general, then, L = 1 or 2 will and LR 
suffice. L = 1 gives coarse quantization, but by its nature the coding 
scheme smooths the effects over the N iterations. 
of their respective values with no quantization. For R 
Pe is increased by factors of 10 and 2 for L = 1.3 
R 
R 
h .  Number of Quantization Levels 
From Section El, I f l \  < F J E b  and If n I < K J E b  for 
n > 1. With K set by the transmitter peak power constraint, we require 
K > - F, where 1.7 < F - < 2. The maximum quantizer amplitude QR is set 
to accommodate K standard deviations of f plus Z n . In this way the n 
probability of truncating, or limiting, fn at any stage is held to pT 
given by (2.63). Thus 
QR = K ( 4  + uf) (2.71) 
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l 
and -QR 1. yn 5 QR. With qR = af /LR,  t h e  number o f  r e c e i v e r  q u a n t i z a -  
t i o n  l e v e l s  i s  t h e  n e a r e s t  i n t e g e r  
NR 
NR 2 - 2QR + 1 = 2K LR[. +[:TI + 1 
q R  
( 2 . 7 2 )  
The lower bound (NR - 1 ) / K  LR is p l o t t e d  i n  F i g .  17 a s  a f u n c t i o n  of  
I b I 
2 
.1  1 10 100 Eb/of 
2 
FIG. 17. LOWER BOUND (NR - 1)/K LR VS Eb/uf. 
I n  p r a c t i c e ,  one would set  PT 5 Pe d e s i r e d ,  f i n d  N 
f r o m  F i g .  11 (M,  E /$ s p e c i f i e d ) ,  and s o l v e  ( 2 . 6 3 )  f o r  K .  I n  t u r n ,  
NR i s  found from ( 2 . 7 2 ) .  
and a g iven  
t h a t  NR v a r i e s  by a l i k e  amount. T h e r e f o r e ,  t h e  c a s e  M = 10 w i l l  be 
u s e d  a s  an example of t h e  numbers invo lved .  I n  T a b l e  2 t h e  number of 
l e v e l s  N~ is  g iven  f o r  v a r i o u s  E ~ / C T ~  e 
b f  
2 
I t  i s  found t h a t  f o r  -3 db 5 Eb/ r f  5 20 d b  
K v a r i e s  under 5 p e r c e n t  for  M 5 100. I t  follows 
pT 
and PT = P combina t ions .  As 2 
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2 
TABLE 2 .  VALUES OF K AND NR FOR M = 10 AND VARIOUS Pe, Eb/uf,  LR 
2 
expec ted ,  NR i s  l a r g e  f o r  l a r g e  E b / c f .  However, i n  t h e  r e g i o n  of  
g r e a t e s t  i n t e r e s t  (10  db or  l ess ) ,  NR is manageable.  Coarse  q u a n t i -  
z a t i o n  (L = 1) h e l p s  c o n s i d e r a b l y .  NR cou ld  be f u r t h e r  reduced by 
112 i f  t h e  a b s o l u t e  v a l u e  of  
R 
were q u a n t i z e d .  T h i s  would r e q u i r e  
'n 
fu l l -wave  r e c t i f i c a t i o n  and p o l a r i t y  d e t e c t i o n .  Using K = 3 would 
pe rmi t  a c o n s i d e r a b l e  r e d u c t i o n  i n  
t h e  i n c r e a s e  i n  Pe 
NR; however, a s a t i s f a c t o r y  bound on 
has  n o t  been o b t a i n e d  t o  j u s t i f y  t h i s  s t e p .  
3. T r a n s m i t t e r  Q u a n t i z a t i o n  
With d i g i t a l  feedback  t h e r e  i s ,  of c o u r s e ,  no need t o  q u a n t i z e  
t h e  incoming feedback  s i g n a l  a t  t h e  t r a n s m i t t e r .  The need does  a r i s e  
w i t h  ana log  f eedback ,  
t o  t h a t  f o r  t h e  r e c e i v e r .  Noiseless feedback  i s  assumed. 
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The a n a l y s i s  rests on Appendix B and is  s i m i l a r  
I 
A A 
- i s  t o  be quan- - 'n+l feedback,  "n+l I n  t h e  c a s e  of  
which d e c r e a s e s  
2 
Oen+ 1 ' t i z e d .  I t  i s  a g . r . v .  w i t h  mean 8 and v a r i a n c e  
a s  n i n c r e a s e s .  Quan t i ze r  g r a i n  s i z e  is gT = uen+1/\. C l e a r l y ,  qT 
must d e c r e a s e  w i t h  n ,  or be f i x e d  a t  i ts s m a l l e s t  v a l u e  ueN/~T .  ~n 
p r a c t i c e  a f i x e d  q u a n t i z e r  i s  d e s i r e d ;  t h e r e f o r e ,  set 
e N  0- ( 2 . 7 3 )  
'max 
The peak q u a n t i z e r  ampli tude QT is  set t o  accommodate 
A 
t o  'n+l' p l u s  K s t a n d a r d  d e v i a t i o n s  of the  l a r g e s t  n o i s e  component of  
allow a t  l e a s t  a s  much ampl i tude  swing a s  does t h e  forward  channe l .  The 
l a r g e s t  n o i s e  v a r i a n c e  o c c u r s  a t  n = 1, t h u s  
0- Y-1 f QT = 2 + K -  
al 
( 2 . 7 4 )  
from t h e  Pe s p e c i f i c a t i o n  and u s i n g  ( 2 . 1 2 )  2 S e t t i n g  t h e  r e q u i r e d  ueN+l 
2 2 2  
and ueN = (1 + Eb/uf)ueN+l' 
and 
N =  
T 
LT + 15%- 
'eN+1 
[ 1 + -  .(.:)"I - 
E b  + 1  
( 2 . 7 5 )  
( 2 . 7 6 )  
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I n  F i g .  18, ( N T - 1 )  normal ized  t o  M LT i s  p r e s e n t e d  a s  a 
-3 -6 
f u n c t i o n  of E /a2 f o r  P = 10 , 10 , and lo-'. Note t h a t  t h e  be- 
h a v i o r  w i t h  r e s p e c t  t o  Eb/cf of NT is c o i i t r a r y  t o  t h a t  of  
d e c r e a s i n g  with i n c r e a s i n g  E /$ 
10, NT i s  p r o h i b i t i v e l y  l a r g e ,  T h i s  resu l t s  from t h e  need t o  set  
and t o  set  by t h e  smal l  q u a n t i t y  
t i v e l y  l a r g e  0 = ( M - I ) / ~ .  
b f  e 
2 
N R '  NT 
2 
Except  f o r  M < 10 and/or Eb/af  > 
b f '  
qT 
e s s e n t i a l l y ,  by t h e  r e l a -  &T , =eN 
max 
NT-1  
c__ 
LT 
1000 - 
-9  
-6 
- 3  
P = 10 
e 
,---P e = 10 
,-P e = 10 
. l -  
I I I 
1 10 100 Eb . 1  
2 n FEEDBACK, 
F I G ,  18. LOWER BOUND ( N  - i ) / ~  L~ vs FOR 
T 
n n 
A r e d u c t i o n  i n  NT s h o u l d  be o b t a i n e d  f o r  t h e  pn(O,+l - e n )  
form of feedback ( S e c t i o n  D2).  A t  n = 1 the feedback  channel  must p a s s  
p l u s  K s t a n d a r d  d e v i a t i o n s  of t h e  n o i s e  component i n  f;, i . e . ,  
'2'max 
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2 
'Of 
( 2 . 7 7 )  
is  a zero mean g . r . v .  w i t h  v a r i a n c e  E,',. Again t h e  f;+ 1 F o r  n >1,  
feedback  channel  must p a s s  a peak ampl i tude  
would set &r e q u a l  t o  t h e  l a r g e r  of  If41 and K 6 ; .  We seek  a 
bound on 
and set  
K e .  I n  p r a c t i c e  one 
max 
NT, With F < K ,  w e  f i n d  from (2.77) t h a t  l f a l  z & K a  - 
max 
Q T = @ K g  (2.78) 
G r a i n  s i z e  % 
v a r i a n c e ,  which is f i  w i t h  v a r i a n c e  f3:(%) c;/Eb. Thus 
i s  se t  by t h e  feedback t r a n s m i s s i o n  w i t h  t h e  s m a l l e s t  
2 
T L 
I t  fol lows t h a t  t h e  lower bound on NT is  
& < -  
L T  
49 
(2 .79 )  
( 2 . 8 0 )  
SEL -6 7- 02 7 
2 
A p l o t  of (NT-l)/K L T  vs Eb/uf i s  p r e s e n t e d  i n  F i g .  19 .  As 
expec ted ,  t he  NT r equ i r emen t s  shou ld  c l o s e l y  f o l l o w  t h e  NR r e q u i r e -  
ments  e s t a b l i s h e d  i n  S e c t i o n  E2. Comparison of ( 2 . 7 2 )  and (2.80) b e a r s  
t h i s  o u t .  The NT r equ i r emen t s  can b e  e s t i m a t e d  from t h e  NR of Tab le  2 .  
LT 
is determined  by c o n s i d e r i n g  q u a n t i z a t i o n  n o i s e  e f f e c t s .  
Using t h e  two approximat ions  of  S e c t i o n  E2 , q u a n t i z a t i o n  
t h e  feedback  channe l  n o i s e ,  g i v i n g  an e f f e c t i v e  v a r i a n c e  
n o i s e  adds t o  
( 2 . 8 1 )  
From ( 2 . 8 1 )  and t h e  r e s u l t s  of  S e c t i o n  D2 i t  i s  found t h a t  
r e q u i r e d  t o  r educe  q u a n t i z a t i o n  n o i s e  t o  a s a t i s f a c t o r y  l e v e l ,  even when 
channel  n o i s e  
L > 3 i s  T 
= 0. Thus,  NT is  t o o  l a r g e  for p r a c t i c a l  r e a l i z a t i o n .  2 ur 
NT-1  
LT 
I t 
100 Eb/CIf 2 
. 1  1 10 
F I G .  19. 
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I t  is  concluded  t h a t  o p e r a t i o n  of t h e  feedback  channel  by 
a n a l o g  s i g n a l i n g  i s  n o t  f e a s i b l e .  I n  S e c t i o n  D2 t h e  r e q u i r e d  s i g n a l - t o -  
n o i s e  r a t i o  f o r  t h i s  channel  was found t o  be too l a r g e .  Now,  i n  t h i s  
s e c t i o n  t h e  q u a n t i z a t i o n  requi rements  have been found too g r o s s  t o  be m e t  
i n  p r a c t i c e .  
F . STORAGE REQUIREMENTS 
Rece ive r  and t r a n s m i t t e r  s t o r a g e  r equ i r emen t s  a r e  e s t a b l i s h e d  i n  
t h i s  s e c t i o n .  
1. T r a n s m i t t e r  S t o r a g e  
To e a c h  of t h e  M messages i s  a s s i g n e d  a D - d i g i t  b i n a r y  T 
number, i n t e g e r  f o r  M odd,  h a l f  i n t e g e r  f o r  M even .  The M messages 
a r e  p l a c e d  symmet r i ca l ly  about  the o r i g i n  w i t h  u n i t  s p a c i n g .  I n c l u d i n g  
one  d i g i t  f o r  s i g n ,  i s  t h e  next i n t e g e r  
DT 
> log2(M-l) M odd 
( 2 . 8 2 )  
> 1 + log2(M-l) M even 
Curves  of DT 
From 
t r a n s m i t t e r  of 
s t o r a g e  i s  
a r e  g i v e n  i n  F i g .  20. 
S e c t i o n  C ,  t h e  l o o p  t i m e  d e l a y  requires s t o r a g e  a t  t h e  
K = 2TD/d messages.  T h e r e f o r e ,  the  t o t a l  t r a n s m i t t e r  D 
2D 
‘ST d d messages = - b i n i t s  ( 2 . 8 3 )  
- -  2DT - 
T r a n s m i t t e r - r e c e i v e r  s e p a r a t i o n  of o n e  m i l l i o n  miles cor responds  t o  
TD = 5 . 4  sec, so 
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10 .8  DT 
b i n i  t s / m i  11 i o n  m i  1 es ‘ST E d 
d I 
1 (set) 
( 3 . 8 4 )  
‘ST 
( b i t s / 1 0 6  miles) 
1 
1 o-6 
4 5 6 10 17 33 65 100 M 
8 
10 
1 o6 
lo4 
FTf’. 20. NUMBER OF D I G I T S  DT PER MESSAGE VS ENSEMBLE S I Z E  M .  
For M < 100, D < 1 0 .  Upper bounds on CST for  v a r i o u s  p u l s e  widths  
d are a s  presented i n  Table  3 .  With DT < 10 and bandwidth 
l / d  < W < 2/d, 
T -
w e  o b t a i n  from ( 2 . 8 4 )  - -  
- CST < 100 
W 
TABLE 3 .  UPPER BOUNDS ON CST FOR 
VARIOUS PULSE WIDTHS d 
( 2 . 8 5 )  
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I t  shou ld  be p o i n t e d  o u t  t h a t  i f  one cou ld  do t h e  
f eedback ,  t h e  t r a n s m i t t e r  must have s t o r a g e  c a p a c i t y  2CST, 
must s t o r e  a b lock  of 
Bn+,(^e n + l  n 
f o r  now i t  
-^e ) 
' s  a s  w e l l  a s  a b lock  of e ' s .  
%+1 
2 .  Rece ive r  S t o r a g e  
A 
which i s  DR b i n a r y  d i g i t s  l ong ,  %+l' The r e c e i v e r  e s t i m a t e  
i n t e g e r  d i g i t s ,  and DRf f r a c t i o n  DRw c o n s i s t s  of  one s i g n  d i g i t ,  
d i g i t s .  DRw is  set t o  accommodate maximum v a l u e  
d e v i a t i o n s  of t h e  l a r g e s t  n o i s e  term, Z1/al. Thus DRw i s  t h e  n e x t  
i n t e g e r  g r e a t e r  t h a n  
p l u s  K s t a n d a r d  
'max 
log2  (M-1. + K :) = log2[M-l + E 2F ($71 Eb M even 
2 %  
log2  ( -  + K ;) = log2  [.-. 2 + 2F (.)I E b  M odd ( 2 . 8 6 )  
A 
e s t a b l i s h e s  t h e  l e a s t  s i g n i f i c a n t  
'N+1 The n o i s e  component of  
d i g i t ,  s i n c e  f o r  Pe < aeN+l < 0.5.  Fol lowing  t h e  r e a s o n i n g  of 
S e c t i o n  E2, t h e  l e a s t  s i g n i f i c a n t  d i g i t  i s  set  a t  pR - ueN+l/~R. S ince  
(T i s  set  by Pe th rough  parameter  YN = 1/2creN+1, t h e n  pR = 1/2LRYN. 
e N + 1  
I t  f o l l o w s  t h a t  DRf i s  t h e  n e a r e s t  i n t e g e r  g r e a t e r  t han  or  e q u a l  t o  
( 2 . 8 7 )  1 l og2  PRl = l o g  2 2 L ~ y ~  
a r e  g iven  i n  F i g .  21 w i t h  K = 7 .  The 
Curves of  DRw and DRf 
t o t a l  number of b i n i t s  p e r  message e s t i m a t e  is  D = D + D + 1. I t  R Rw R f  
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10. 
8 -  
M =  100 
Rw M =  10 DRf D 
F I G .  21.  BIT REQUIREMENTS PER MESSAGE AT RECEIVER FOR K = 7.  
‘--I LR= 3 -- -- 
i s  seen  t h a t  f o r  most s i t u a t i o n s  to  be c o n s i d e r e d ,  
t o t a l  r e c e i v e r  message e s t i m a t e  s t o r a g e  i s  
5 - < DR 5 17. The 
b i n i t s  
2TD 2DR TD 
e s t i m a t e s  = 
d 
- -  
‘SR - d ( 2 . 8 8 )  
For l a r g e  d e l a y s  CSR x CST, and t h e  CSR r equ i r emen t s  can be e s t i m a t e d  
from Table  3. 
G .  RFALIZABILITY AND PERFORMANCE 
For a d d i t i v e  g a u s s i a n  n o i s e  channe l s  w i t h  an e s s e n t i a l l y  n o i s e l e s s  
feedback channe l ,  the  feedback  coding  scheme is  r e a l i z a b l e ,  and i t  
ach ieves  h i g h  per formance .  
p r o b a b i l i t y  of error and h i g h  r e l a t i v e  r a t e  of t r a n s m i s s i o n  f o r  common 
s igna l - to -no i se  r a t i o s  and message ensemble s i z e s ,  w h i l e  u s i n g  o n l y  a 
few i t e r a t i o n s ,  has  been answered i n  t h e  a f f i r m a t i v e .  With M - < 100 
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The q u e s t i o n  of be ing  a b l e  t o  o b t a i n  l o w  
2 
and -3 d b  < E /a < 10 db, 
0.3 < p < 0.8, and N < 30. N < 10 i s  o b t a i n e d  i n  most c a s e s .  The 
it  i s  p o s s i b l e  t o  o b t a i n  lo-’ < Pe < - b f -  - - 
- - 
2 
- b f  coding  scheme i s  best s u i t e d  t o  t h e  
Below -3 db the  number of  i t e r a t i o n s  r e q u i r e d  i s  n o t  p r a c t i c a l  i n  
g e n e r a l .  Above 10 db the  q u a n t i z a t i o n  r e q u i r e m e n t s  f o r  t h e  r e c e i v e r  
A/D c o n v e r t e r  become e x c e s s i v e .  
back channel  should  be used ;  i t  a l lows  t h e  n o i s e l e s s  feedback  assumption 
w i t h  20 db  s i g n a l - t o - n o i s e  r a t i o  f o r  t h i s  channe l ,  and it e l i m i n a t e s  a 
v e r y  l a r g e  A/D c o n v e r t e r  a t  t h e  t r a n s m i t t e r .  
-3 db < E /cr < 1 0  db s i t u a t i o n s .  
For p r a c t i c a l  r e a s o n s ,  a d i g i t a l  f eed -  
P r a c t i c a l  l i m i t s  e x i s t  on the t i m e  r a t e  of t r a n s m i s s i o n  and the  
t r a n s m i t t e r - r e c e i v e r  s e p a r a t i o n .  The fo rmer  l i m i t  r e s u l t s  from d a t a  
p r o c e s s i n g  d e l a y s ,  the l a t t e r  from t r a n s m i t t e r  s t o r a g e  r equ i r emen t s .  W e  
assume the  r e c e i v e r  i s  ea r th -based ,  where s t o r a g e  is less d i f f i c u l t .  A t  
t h e  t r a n s m i t t e r ,  c a l c u l a t i o n  ( 2 . 1 )  and the  D/A conve r s ion  f o l l o w i n g  i t  
must be  done w i t h i n  t h e  i t e r a t i o n  t i m e  d s e c o n d s .  S i m i l a r l y ,  a t  t h e  
r e c e i v e r  t h e  A/D conve r s ion  and c a l c u l a t i o n s  ( 2 . 4 ) ,  which a r e  expres sed  
more compact ly  by ( 4 . 1 )  and ( 4 . 2 ) ,  must each  be done w i t h i n  
A t  p r e s e n t ,  1 p s  i s  t h e  lower l i m i t  on t h e  A/D and D/A conve r s ion  times 
and 1 t o  10 ps i s  t h e  lower l i m i t  on t h e  computat ion times. Thus,  d 
i s  p r e s e n t l y  l i m i t e d  t o  1 to  10 ps minimum; and w i t h  M < 100 and 
N < - 10, 
maximum. With s t a t e - o f - t h e - a r t  s t o r a g e  t echno logy  and t h e  need f o r  s e r i a l  
a c c e s s ,  1 t o  5 m i l l i o n  b i t s  appears  t o  be the  p r e s e n t  l i m i t  on t r a n s m i t t e r  
s t o r a g e .  Thus,  u s e  of the feedback coding  scheme is p r e s e n t l y  l i m i t e d  
a t  1 t o  100 m i l l i o n  m i l e s  t r a n s m i t t e r - r e c e i v e r  s e p a r a t i o n .  O f  cou r se ,  
t h i s  depends g r e a t l y  on system bandwidth and t h e  t y p e  of s t o r a g e  used .  
d seconds .  
t h e  t r a n s m i s s i o n  r a t e  i s  l i m i t e d  t o  one m i l l i o n  b i t s  p e r  second 
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E s t i m a t e s  of t h e  d i s t a n c e  a r e  e a s i l y  o b t a i n e d  from (2.85) or  T a b l e  3, 
once t r a n s m i t t e r  s t o r a g e  c a p a c i t y  and sys tem bandwidth have been s p e c i f i e d .  
Another m a t t e r  impor t an t  i n  space  communications i s  t h e  e f f i c i e n c y  
w i t h  which a v a i l a b l e  power from t h e  t r a n s m i t t e r  power supp ly  i s  conve r t ed  
i n t o  t r a n s m i t t e d  power o u t p u t .  I t  h a s  been found t h a t  t h e  t r a n s m i t t e r  
o u t p u t  power a m p l i f i e r  must be capab le  o f  p r o v i d i n g  peak power 16 t o  49 
t i m e s  t h e  average power. The conve r s ion  e f f i c i e n c y  w i l l  depend on 
pa rame te r  K .  However, i t  i s  expec ted  t h a t  t h e  e f f i c i e n c y  w i l l  be com- 
p e t i t i v e  wi th  o t h e r  schemes. 
I n  c o n s i d e r i n g  a p p l i c a t i o n  of t h e  feedback  coding  scheme to  s p e c i f i c  
r equ i r emen t s ,  t h e  f o l l o w i n g  must be cons ide red :  (1) t h e  a b i l i t y  t o  pro-  
v i d e  t h e  r e q u i r e d  t r a n s m i t t e r  and r e c e i v e r  s t o r a g e ,  ( 2 )  t h e  a b i l i t y  t o  
p r o v i d e  a r e c e i v e r  A/D c o n v e r t e r  and a t r a n s m i t t e r  D/A c o n v e r t e r  of  s u i t -  
a b l e  speed and accuracy ,  ( 3 )  t h e  a b i l i t y  t o  p r o v i d e  d a t a  p r o c e s s i n g  a t  
b o t h  t e r m i n a l s  s u f f i c i e n t l y  f a s t  t o  p e r m i t  t h e  d e s i r e d  t r a n s m i s s i o n  r a t e ,  
( 4 )  t h e  a b i l i t y  t o  o b t a i n  a d i g i t a l  feedback  channel  w i t h  about  20 d b  
s i g n a l - t o - n o i s e  r a t i o  and DR t i m e s  t h e  forward  channe l  bandwidth,  
(5) t h e  a b i l i t y  t o  p r o v i d e  a t r a n s m i t t e r  power a m p l i f i e r  w i t h  peak power 
16 t o  49 t i m e s  t h e  average  power and a c c e p t a b l e  conve r s ion  e f f i c i e n c y ,  
and (6) t he  t i m e  v a r i a t i o n  of t h e  n o i s e  s t a t i s t i c s  and its effect  on 
sys tem performance.  
2 
Eb/af W e  now. c o n s i d e r  t h e  s e n s i t i v i t y  t o  v a r i a t i o n s  and t h e  r e l a -  
t i v e  performance of t h e  c o d i n g  scheme. 
1. S e n s i t i v i t y  
w i t h  N a 2 I n  F i g s .  7, 8, and 9, c u r v e s  of Pe vs Eb/af 
r a t i o ,  P was found 2 parameter  a r e  p r e s e n t e d .  F o r  a p a r t i c u l a r  Eb/uf e 
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u s i n g  ( 2 . 1 3 )  and ( 2 . 1 4 ) .  I t  fo l lows  t h a t  t h e  optimum (an), a s  g iven  
by ( 2 . 1 1 ) ,  h a s  been used  f o r  each  E d u f .  I n  p r a c t i c e  one  could  a l t e r  
t h e  { a n ) ,  and pe rhaps  N ,  f o r  optimum o p e r a t i o n  under  long-term 
2 
E d u f  
v a r i a t i o n s .  The Pe v s  E d u f  curves  f o r  each  N have a l a r g e  n e g a t i v e  
2 
s l o p e .  Thus,  s m a l l  changes  i n  Eb/uf cause  s i g n i f i c a n t  changes i n  P . 
W e  examine now t h e  change i n  Pe r e s u l t i n g  from a change i n  Eb/uf. 
2 
v a r i a t i o n s ,  b u t  i n  g e n e r a l  t h i s  may be i m p r a c t i c a l  f o r  sho r t - t e rm 
2 
e 
2 
L e t  t h e  system be o p e r a t i n g  o p t i m a l l y  a t  s i g n a l - t o - n o i s e  r a t i o  
2 uf is  assumed t o  f l u c t u a t e  2 E b / u f .  Eb  i s  f i x e d  and noise v a r i a n c e  
about  a nominal v a l u e .  The (an) and N a r e  found from ( 2 . 1 1 )  and 
( 2 . 1 4 ) ,  r e s p e c t i v e l y ,  u s i n g  t h e  nominal P and Eb/uf s p e c i f i c a t i o n s .  
The error p r o b a b i l i t y  of t h e  feedback code is  v e r y  c l o s e l y  g iven  by 
[ R e f .  21  
2 
e 
From ( 2 . 1 4 )  and ( 2 . 8 9 ) ,  t h e  fo l lowing  p a r t i a l  d e r i v a t i v e s  a r e  ob ta ined :  
2 dP 1 + YN 
e 'N 
( 2 . 9 0 )  
( 2 . 9 1 )  
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and t h e  s e n s i t i v i t y  ( r a t i o  of f r a c t i o n a l  change i n  
change i n  E /a ) f o r  t h e  feedback code is  
P t o  t h e  f r a c t i o n a l  e 
2 
b f  
-1 + Eb 
,Leedback 
( 2 . 9 2 )  
2 -6 
Curves of ( 2 . 9 2 )  v s  Eb/af a r e  g iven  i n  F i g .  22 f o r  P = 10 and 
M = 2 ,  10, and 100. The s e n s i t i v i t y  i s  h a l f  a s  much f o r  P = 10 
e 
-3 
e 
100 0 c M =  100 
ah. /P 
i e  e 
10 100 1 . 1  
2 
Eb’af 
FIG. 22.  SENSITIVITY CURVES FOR FEEDBACK CODE (SOLID) AND ORTHOGONAL 
CODES (DASHED) WITH pe = 10-6. 
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-9 
and 5/3 a s  much f o r  Pe = 10 . A s  expec ted ,  t h e  s e n s i t i v i t y  t o  n o i s e  
power v a r i a t i o n  i s  h i g h .  
a t t e n t i o n  when c o n s i d e r i n g  a p p l i c a t i o n s  of  t h e  feedback  coding  scheme. 
T r a d e - o f f s  between N ,  Pe, an, and p should  be exp lo red  t o  o b t a i n  s a t -  
i s f a c t o r y  o v e r a l l  performance.  
Accordingly,  t h i s  m a t t e r  must be g iven  c a r e f u l  
T h i s  problem is  encountered  i n  o t h e r  h i g h  performance codes .  
Indeed  t h i s  seems t o  be a p e n a l t y  f o r  a c h i e v i n g  l o w  P and h i g h  p w i t h  
f i n i t e  d e l a y  cod ing .  For  comparison, s e n s i t i v i t y  c u r v e s  f o r  cohe ren t  
o r t h o g o n a l  M-ary codes a r e  shown (dashed)  i n  F i g .  22. 
message E h a s  been assumed f o r  bo th  codes .  T h e r e f o r e ,  t h e  energy  p e r  
dimension f o r  t h e  feedback  code i s  E b  = Es/N. 
[ R e f .  31, t h e  error p r o b a b i l i t y  of cohe ren t  o r t h o g o n a l  M-ary codes i s  
bounded by 
e 
Average energy  p e r  
S 
From A r t h u r s  and Dym 
(2.93) 
From (2.93) and Es = NEb i t  is  easy t o  show t h a t  t h e  s e n s i t i v i t y  of 
o r t h o g o n a l  codes i s  
- r 
- 4  - L( + N 2) (2.94) 
o r t h o g o n a l  
Or thogonal  codes a r e  a l s o  s e n s i t i v e  t o  n o i s e  power v a r i a t  >n ,  b u t ,  excep t  
f o r  h i g h  s i g n a l - t o - n o i s e  r a t i o s ,  t hey  a r e  s i g n i f i c a n t l y  less s e n s i t i v e  
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t h a n  t h e  feedback code .  However, a s  shown i n  t h e  n e x t  s e c t i o n ,  t h e i r  
performance is n o t  a s  h i g h .  
2 .  R e l a t i v e  Performance 
I n  a s t u d y  of one-way coding  schemes, G i l b e r t  [Ref .  4 1  found 
i n  a l l  ca ses  t h a t  a t  l e a s t  7 db  above t h e  i d e a l  s igna l - to -no i se  r a t i o  was 
r e q u i r e d  f o r  s p e c i f i e d  t r a n s m i s s i o n  r a t e s  and 
S l e p i a n  [Ref. 51 e s t a b l i s h e d  t h e o r e t i c a l  lower bounds,  based on a pape r  
by Shannon [Ref .  61 f o r  t h e  a d d i t i o n a l  s i g n a l - t o - n o i s e  r a t i o  r e q u i r e d  to  
Pe. I n  a l a t e r  pape r ,  
a c h i e v e  a g iven  t r a n s m i s s i o n  r a t e  u s i n g  e q u a l  ene rgy  b lock  codes of s m a l l  
d imens ions ,  aga in  f o r  one-way schemes. Also o b t a i n e d  were curve6  of rei- 
a t i v e  r a t e  p v s  t h e  number of dimensions N f o r  v a r i o u s  P and e 
I n  Fig. 23, S l e p i a n ' s  c u r v e s  a r e  compared w i t h  co r re spond ing  
-6 
c u r v e s  f o r  t h e  feedback  cod ing  scheme f o r  P = 10 . I n  F i g .  23a,  t h e  
s i g n a l - t o - n o i s e  r a t i o  above t h e  i d e a l  A(Eb/c:) r e q u i r e d  to  a c h i e v e  a 
s p e c i f i e d  r a t e  RN ( b i t s / d i m e n s i o n )  i s  p l o t t e d  w i t h  N a pa rame te r .  
I n  F i g .  23b, r e l a t i v e  r a t e  p a s  a f u n c t i o n  of N is p l o t t e d  w i t h  
Eb/cf a parameter .  
u s i n g  (2 .13 ) ,  ( 2 . 1 4 ) ,  ( 2 . 2 0 ) ,  ( 2 . 2 1 ) ,  and P = 10 . I t  is  seen t h a t  
f o r  N 5 30 t h e  feedback  cod ing  scheme r e q u i r e s  about  5 db  less s i g n a l -  
t o - n o i s e  r a t i o  w h i l e  a c h i e v i n g  a t  l e a s t  twice t h e  r e l a t i v e  r a t e  compared 
e 
2 Curves f o r  t h e  feedback  coding  scheme were o b t a i n e d  
-6 
e 
t o  t h e  best p o s s i b l e  one-way performance.  
ment w i l l  be d i f f e r e n t  f o r  o t h e r  
s u p e r i o r  performance of t h e  feedback  coding  scheme. 
Although t h e  amount of  improve- 
F i g .  23 i s  i n d i c a t i v e  of  t h e  'e 9 
T h i s  s e c t i o n  i s  concluded w i t h  a comparison of t h e  f eedback  
code and some common one-way codes:  o r t h o g o n a l  and r e c t a n g u l a r  s i g n a l  
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FIG.  23. FEEDBACK CODE (SOLID) COMPARED WITH SLEPIAN'S BOUNDS 
(DASHED), FOR pe = 10-6. 
61 SEL -67- 027 
sets [ e . g . ,  f requency  s h i f t  keying  (FSK) and b i n a r y  p u l s e  code moduls t ion  
(PCM), r e s p e c t i v e l y ,  R e f ,  2 ,  Chap te r  41,  M-level s ing le-d imens ion  s i g n a l  
sets [ e . g . ,  ampl i tude  s h i f t  keying  (ASK)], and M-ary phase  s h i f t  keying  
(PSK) [ R e f .  3 1 .  I n  a l l  c a s e s  one of M e q u i p r o b a b l e  messages i s  s e n t  
i n  t i m e  T [ r a t e  (log2M)/T b i t s / s e c ] .  Average message energy  Es is  
assumed f o r  e a c h  s i g n a l  se t .  The channe l  adds z e r o  mean whi t e  g a u s s i a n  
n o i s e  w i t h  power d e n s i t y  No/2, M = 32 i s  assumed ( t h e  t e l e g r a p h  exam- 
p l e ) ;  N = 5 ,  r e q u i r e d  by t h e  PCM s i g n a l  se t ,  i s  used  for t h e  feedback  
code .  I t  i s  c l e a r  t h a t  E = E /N = E /5 is  t h e  energy  f o r  each  dimen- 
s i o n  i n  t h e  feedback  and P C M  codes .  
b s  S 
2 
P v s  Eb/af c u r v e s  for t h e s e  codes  a r e  shown i n  F i g .  24 for  
32)/T = 5/T b i t s /  
e 
M = 32.  
sec , t h e  r e l a t i v e  performance of t h e  codes is  c l e a r .  N o t e  t h e  t h r e s h o l d  
and ensu ing  r a p i d  d e c r e a s e  i n  Pe f o r  t h e  feedback  code ,  Below t h r e s h o l d  
t h e  feedback code i s  no b e t t e r  t han  t h e  o t h e r  codes ,  b u t  i t  i s  much b e t t e r  
above t h r e s h o l d .  Vary ing  t h e  number of  i t e r a t i o n s  N w i l l ,  of c o u r s e ,  
s h i f t  t h e  t h r e s h o l d  l o c a t i o n s  a long  t h e  
l o c a t i o n s  of t h e  t h r e s h o l d s  a r e  r e t a i n e d .  With message d u r a t i o n  T 
seconds ,  d = T/N and t h e  bandwidth r e q u i r e m e n t s  a r e  approximate ly  1/T 
f o r  t h e  PAM and PSK codes ,  N/T f o r  t h e  f eedback  and F C M  codes ,  and 
M/T f o r  t h e  o r t h o g o n a l  code ,  Or thogonal  codes  a r e  t h e  b e s t  one-way 
codes ,  b u t  above t h r e s h o l d  t h e  f eedback  code i s  s u p e r i o r .  
S ince  t r a n s m i s s i o n  r a t e s  a r e  i d e n t i c a l  [ ( l o g  2 
2 
Eb/cf 
a x i s ,  bu t  t h e  r e l a t i v e  
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FIG. 24. ERROR PROBABILITY OF VARIOUS CODES FOR Y = 32 MESSAGES 
AND IDENTICAL TRANSMISSION RATE. 
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111. SIGNAL DESIGN 
W e  now t u r n  t o  t h e  s i g n a l  by which t h e  coding  scheme is  implemented. 
The b a s i c  system proposed i s  shown i n  F i g .  25.  A t  t h e  t r a n s m i t t e r ,  num- 
b e r s  
form $ ( t ) .  S i n c e  loop  d e l a y  r e q u i r e s  t r a n s m i s s i o n  i n  b locks  of 
messages,  t h e  encoder  o u t p u t  i s  sequences  of t h e  form f ,  , f ,  , ..., 
f n  from t h e  encoder  modulate  t h e  ampl i tude  of  a p e r i o d i c  p u l s e  
KD 
(1) ( 2 )  
( i )  appear  a t  i n t e r v a l s  of d seconds .  Using d e l t a -  f n  s u c c e s s i v e  
f u n c t i o n  n o t a t i o n ,  t h e  encoder  o u t p u t  is expres sed  a s  
The baseband modulator  o u t p u t  is  
N KD 
n = l  i=l 
Se( t )  = f ( i )  n fi{t - [ (n- l )KD + ( i - l ) ] d }  ( 3 . 2 )  
where $ ( t )  e x i s t s  i n  t h e  i n t e r v a l  (0,  d ) ,  h a s  a s u i t a b l y  d e f i n e d  
bandwidth W ,  and s a t i s f i e s  
Pco 
$(t - i d )  $(t - j d )  = b i j  I, 
( i ) ) 2 ]  
I t  f o l l o w s  t h a t  t h e  expec ted  energy  of each  P u l s e  is E [(fn 
(3 .3)  
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I n  g e n e r a l ,  S e ( t )  would be  p l aced  on a c a r r i e r  f o r  t r a n s m i s s i o n .  
Double-sideband suppres sed  c a r r i e r  ampl i tude  modulat ion w i t h  cohe ren t  
l i n e a r  d e t e c t i o n  a t  t h e  r e c e i v e r  is compa t ib l e  w i t h  t h e  coding  scheme. 
T h i s  fo l lows  from t h e  f a c t  t h a t  l i n e a r  demodulat ion does n o t  e x h i b i t  t h e  
" threshold t1  found i n  FM, PM, o r  normal AM w i t h  envelope  d e t e c t i o n  and 
t h e  coding scheme i t s e l f  h a s  no " t h r e s h o l d . "  The coding  works under  h i g h  
o r  low s i g n a l - t o - n o i s e  r a t i o s ,  and l i n e a r  demodulat ion p rov ides  a r e c e i v e r  
baseband s i g n a l  w i t h  t h e  s t a t i s t i c a l  p r o p e r t i e s  assumed i n  Chap te r  1 1 .  
F u r t h e r ,  suppressed  c a r r i e r  i s  d e s i r a b l e  fo r  e f f i c i en t  u s e  of  power, an 
impor tan t  m a t t e r  i n  space  communications.  Thus t h e  t r a n s m i t t e r  o u t p u t  
is 
(3.4) 
t h e  fi main ta ins  t h e  expec ted  energy  a t  E[(fn ( i ) ) 2 ]  
The channel  adds w h i t e  g a u s s i a n  n o i s e  Z w ( t )  w i t h  two-sided spec-  
t r a l  d e n s i t y  No/2. The receiver i n p u t  is 
f & )  = fT( t )  + z w ( t )  
With cohe ren t  l i n e a r  demodulat ion t h e  r e c e i v e r  baseband s i g n a l  i s  
s B ( t )  = S ' h )  -I- z,(t)  
where Z B ( t )  i s  t h e  r e s u l t a n t  baseband non-white g a u s s i a n  n o i s e .  
i s  passed  through a f i l t e r  matched t o  d ( t > ,  g i v i n g  an o u t p u t  s i g n a l  
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, t h e  r e c e i v e r  q u a n t i t i e s  i n  t h e  coding  scheme. Thus, t h e  (KD ) * ' e l  Yn 
sampler  o u t p u t  i s  
The Z ( i )  a r e  z e r o  mean g a u s s i a n  random v a r i a b l e s  s a t i s f y i n g  n 
These  r e s u l t s  a r e  e s t a b l i s h e d  i n  Appendix C .  I t  is concluded t h a t  t h e  
c o d i n g  scheme can be implemented u s i n g  e s t a b l i s h e d  s i g n a l  p r o c e s s i n g  
t e c h n i q u e s .  
The implementa t ion  of an ana log  feedback  channe l  cou ld  be  s i m i l a r  
t o  t h a t  j u s t  d i s c u s s e d  f o r  t h e  forward  channe l .  However, based on t h e  
r e s u l t s  of Chap te r  1 1 ,  w e  c o n s i d e r  o n l y  a d i g i t a l  feedback  channel .  Due 
t o  t h e  h igh  s i g n a l - t o - n o i s e  requi rements  of t h e  feedback channel ,  s e v e r a l  
methods of s i g n a l i n g  cou ld  b e  used ,  such a s  b i n a r y  FSK, PSK, or ASK. 
With r e f e r e n c e  t o  F i g ,  25,  t h e  f o l l o w i n g  implementat ion i s  o f f e r e d  
i s  a v a i l a b l e  a s  a D - d i g i t  b i n a r y  'n+1 R a s  an example,  A t  t h e  r e c e i v e r ,  
number; i t  is  t ransformed i n t o  a sequence of  DR P ' ( t )  p u l s e s ,  each  
ampl i tude  modulated by 0 o r  1 accord ing  t o  t h e  d i g i t  which it r e p r e -  
s e n t s .  T h i s  i s  shown s c h e m a t i c a l l y  i n  F i g .  25 where 3 ( t ) ,  a sequence 
i s  t r ans fo rmed  i n t o  S ; ) ( t ) ,  a sequence  of $ ' ( t )  p u l s e s  
(1) 
of en , 
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A 
amplitude modulated by 0 or 1 and equivalent to e(t). The pulse $'(t) 
could be similar to $(t), but with duration d' = d/DR. Again double- 
sideband suppressed carrier amplitude modulation is chosen for trans- 
mission of S b (  t ) ,  
Zero mean white gaussian noise Z,'(t) with two-sided spectral density 
N'/2 is added by the channel. Coherent linear demodulation, matched 
filtering, and sampling at intervals of d' seconds obtain at the trans- 
mitter y'(t), a noisy replica of e(t). From the discussion above on 
the forward channel, it is clear that the noise component in each sample 
is a zero mean gaussian random variable with variance 
this method of signaling is consistent with the digital feedback channel 
discussed in Section 11-D1. 
although other modulation systems could be considered. 
0 
A 
2 mr = N'/2. Thus 
0 
A ,  $(t) AND $'(t) PULSE WAVEFORMS AND MATCHED FILTERS 
The pulse waveform $(t) is d seconds in duration and has its 
energy essentially confined to bandwidth (one-sided) W cps. Several 
pulse forms satisfying this description exist and are realizable, at 
least to a good approximation. Examples are the square pulse, the sine 
pulse, and the raised cosine shown in Fig, 26 with their Fourier ampli- 
tude spectra. About 95 percent of their energy is contained in band- 
width W = l/d, 3/2d, and 2/d, respectively. The pulse form $'(t) is 
similar to $(t) except that its duration is d' = d/DR. Thus only 
$(t) is considered here. 
Use of the raised cosine is recommended. This pulse form and its 
matched filter can be realized. It is optimum [Refs. 7, 81 in achieving 
minimum dW product. With smooth tails and zero slope at the end points, 
SEL -67-02 7 68 
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(a) Square Pulse.  
&k Half -sine,. 
m 3  I 
( c )  Raised Cosine 
0 
O b  ku 
0 
FIG. 2 6 .  $(t) PULSE FORMS AND AMPLITUDE SPECTRA; a0 = 2fi/d. 
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i t  is  f a v o r a b l e  t o  l o w  i n t e r symbol  i n t e r f e r e n c e  a t  t h e  r e c e i v e r  matched 
f i l t e r  o u t p u t .  The f a i r l y  broad peak of t h i s  p u l s e  e n a b l e s  less s t r i n g e n t  
t iming  of  the  matched f i l t e r  sampl ing .  F i n a l l y ,  i t s  spectrum h a s  a s i z a b l e  
ampl i tude  a t  LU = w which i s  advantageous i n  o b t a i n i n g  baseband syn- 
c h r o n i z a t i o n .  The r a i s e d  c o s i n e  p u l s e ,  d e f i n e d  i n  ( 0 ,  d )  and normal ized  
f o r  u n i t  area i n  g 2 ( t ) ,  i s  g iven  by 
0’  
where (u0 = 2~r /d .  
A @( t )  g e n e r a t o r  f o r  r a i s e d  c o s i n e  p u l s e s  c o u l d  b e  o b t a i n e d  by 
adding t h e  o u t p u t  of a con t inuous  c o s i n e  g e n e r a t o r  t o  a c o n s t a n t  l e v e l  
of u n i t y .  A l t e r n a t e l y ,  t h e  baseband s i g n a l  S e ( t )  of ( 3 . 2 )  cou ld  be 
o b t a i n e d  by approximat ing  t h e  p r o c e s s  of e x c i t i n g  a r a i s e d  c o s i n e  matched 
f i l t e r  by impulses  a t  i n t e r v a l s  of d seconds  and of  v a l u e s  f ( i ) .  I n  
F i g .  25 t h i s  r e p l a c e s  t h e  baseband modula tor  and 
matched f i l t e r ,  T h i s  second method i s  p o s s i b l e  because t h e  r a i s e d  c o s i n e  
n 
g e n e r a t o r  by a @( t )  
e x h i b i t s  symmetry about  t = d/2. 
Seve ra l  methods e x i s t  t o  r e a l i z e  matched f i l t e r s .  S p e c i f i c  r e a l i z a -  
t i o n s  a r e  no t  g iven  h e r e ;  r a t h e r ,  b a s i c  approaches  a r e  sugges t ed  which 
app ly  t o  most @(t)  p u l s e  forms one might  c o n s i d e r .  One approach  is  t o  
approximate t h e  d e s i r e d  t i m e  o r  f r equency  r e s p o n s e  and r e a l i z e  i t  by e s t a b -  
l i s h e d  techniques  u s i n g  lumped a c t i v e  and/or  p a s s i v e  e l emen t s .  
e t  a1  [Ref.  81 have done t h i s  f o r  s e v e r a l  u s e f u l  p u l s e  shapes ,  i n c l u d i n g  
t h e  r a i s e d  c o s i n e .  
McAuliffe  
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Other  r e a l i z a t i o n s  a r e  based on cP(S), t h e  Lap lace  t r ans fo rm of 
$ ( t ) .  F o r  t h e  s imple  p u l s e  shapes cons ide red ,  @ ( S )  t a k e s  t h e  form 
(3.10) 
where i(S) 
t r a n s f o r m  of t h e  p e r i o d i c  ex tens ion  of @ ( t )  f o r  a l l  t > 0. For  t h e  
t h r e e  p u l s e s  of F i g .  26,  
i s  a s imple  r a t i o n a l  f u n c t i o n  i d e n t i c a l  to  t h e  Laplace  
(1 - e -dS ) 1 1  E S  Square  p u l s e  Q(S) = - - (3.11) 
( 3 . 1 2 )  
2 
w 
(1 - e-dS) 0 2 Raised  c o s i n e  @ ( S )  =E s(s + Uo) (3.13) 
Some c o n f i g u r a t i o n s  a r e  p re sen ted  i n  F i g s .  27  and 28.  I n  F i g .  27 a 
b a s i c  f i l t e r  $(S)  i s  excited by a c u r r e n t  p r o p o r t i o n a l  t o  t h e  s i g n a l  
sample at 
t =  d 
FIG. 27 .  WTCHED FILTER--ZERO INITIAL CONDITIONS, 
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in o =- . 0 out 
-ds 
e 
( a )  P a r a l l e l  d e l a y  p a t h  
Ro I 
d/2 sec 
a 
( b )  Shor t ed  d e l a y  l i n e  
FIG. 28. MATCHED FILTERS USING DELAY ELEMENTS. 
be ing  matched w i t h  z e r o  i n i t i a l  c o n d i t i o n s ;  t h e  o u t p u t  i s  t h e  v o l t a g e  
a c r o s s  t h e  f i l t e r .  I n  g e n e r a l ,  z ( S )  i s  s imple  and r e a l i z e d  by e x a c t  
methods,  w i th in  t h e  l i m i t a t i o n s  p l a c e d  by e lement  t o l e r a n c e s  and d i s s i -  
p a t i o n .  A f t e r  sampl ing  t h e  o u t p u t  a t  t = d ,  i t  is n e c e s s a r y  t o  reset 
t h e  i n i t i a l  c o n d i t i o n s  i n  6 ( S )  t o  z e r o  by removal of s t o r e d  ene rgy .  
T h i s  accomplishes  t h e  f u n c t i o n  of  e -dS i n  (3.10). I t  is n e c e s s a r y ,  
t h e r e f o r e ,  t o  p l a c e  s u f f i c i e n t  s e p a r a t i o n  between t r a n s m i t t e d  p u l s e s .  
The in fo rma t ion  t r a n s m i s s i o n  r a t e  i s  reduced a c c o r d i n g l y .  
F igu re  28 shows t w o  c o n f i g u r a t i o n s  which l i t e r a l l y  o b t a i n  (3.10). 
I n  p a r t  ( a )  an impulse exci tes  z ( S )  
o f f "  t h e  f i l t e r  d seconds  l a t e r  by t h e  d e l a y  p a t h ,  e . The d 
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by t h e  d i r e c t  p a t h  and then  " shu t s  
-dS 
seconds  d e l a y  is  o b t a i n e d  by a de l ay  l i n e  or a lumped element  d e l a y  n e t -  
work. The c i r c u i t  [Ref .  91 of F i g .  28b i s  mere ly  an a l t e r n a t e  way t o  
ach ieve  t h e  d e l a y  f u n c t i o n .  An impulse i n p u t  e x c i t e s  G(S), t r a v e l s  
down t h e  s h o r t e d  d e l a y  l i n e ,  and is r e f l e c t e d  t o  s h u t  o f f  i(S). 
The f i n a l  method [Ref s .  10, 111 cons ide red  is based on t h e  sampling 
theorem and is  shown i n  F i g .  29.  A f u n c t i o n  $ ( t ) ,  of d u r a t i o n  d and 
bandwidth W cps ,  i s  de termined  by t h e  knowledge of  i t s  v a l u e s  a t  2dW 
i n s t a n t s  of t i m e  and can be expressed  by 
( 3 . 1 4 )  
where $, = $(n/2W) is t h e  v a l u e  of $( t )  a t  t = n/2W. E x c i t e d  by an 
impulse ,  t h e  i d e a l  lowpass  f i l t e r  sends  a s i n  2 f l t / 2 f l t  p u l s e  down t h e  
t apped  d e l a y  l i n e .  The t a p s  a r e  spaced 1/2W seconds  a long  t h e  l i n e .  
The t a p  o u t p u t s  a r e  s c a l e d  by fin and summed t o  g i v e  $( t ) .  S i n c e  more 
t h a n  95 p e r c e n t  of  t h e  ene rgy  f o r  t he  p u l s e s  of  F i g .  26 i s  c o n t a i n e d  i n  
W = k/d,  k < 2 ,  a r e  r e q u i r e d .  on ly  a s m a l l  number of t a p s ,  2dW = 2k, - 
The emphasis  has  been on baseband p u l s e  g e n e r a t i o n  and matched f i l -  
t e r i n g ,  f o r  it is  expec ted  t o  provide  t h e  b e s t  r e s u l t s  i n  g e n e r a l .  How- 
e v e r ,  bandpass  o p e r a t i o n  i s  p o s s i b l e  and may b e s t  s e r v e  some a p p l i c a t i o n s .  
Matched f i l t e r  r e a l i z a t i o n s  have employed i d e a l  d e l a y  l i n e s  and p e r f e c t  
f i l t e r s ,  which i n  p r a c t i c e  cannot  be o b t a i n e d  due t o  element  t o l e r a n c e s ,  
d i s s i p a t i o n ,  and o t h e r  e f f e c t s .  However, under  t h e s e  l i m i t a t i o n s ,  s a t i s -  
f a c t o r y  r e a l i z a t i o n s  a r e  o b t a i n e d  i n  p r a c t i c e .  
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B .  SYNCHRONIZATION 
Thus f a r  i t  has  been assumed t h a t  t h e  phase  and f r equency  of demod- 
u l a t o r  o s c i l l a t o r s  were i d e n t i c a l  to  t h o s e  of t h e  incoming c a r r i e r  and 
t h a t  matched f i l t e r  o u t p u t s  were sampled a t  t h e  p r o p e r  i n s t a n t .  These 
m a t t e r s  of l o c a l  o s c i l l a t o r  ( c a r r i e r )  and baseband s y n c h r o n i z a t i o n  a r e  
now c o n s i d e r e d .  The d i s c u s s i o n  c e n t e r s  on t h e  fo rward  c h a n n e l ;  t h e  re- 
s u l t s  ho ld  f o r  t h e  feedback  channel .  
1. C a r r i e r  Synchron iza t ion  
L e t  (u (77, ‘CT and (OAT, e;T be t h e  f r equency  and phase  of  t h e  
t r a n s m i t t e r  c a r r i e r  and r e c e i v e r  l o c a l  o s c i l l a t o r ,  r e s p e c t i v e l y .  The 
s i g n a l  component of t h e  r e c e i v e r  i npu t  is g iven  by (3.2) and (3.4). 
m u l t i p l i e d  by p c o s  (uhTt + e&,), 
matched f i l t e r  i s  
When 
t h e  baseband component i n t o  t h e  
= s e ( t )  COS [(acT - u;Jt + eCT - e;,] (3.15) 
t o  avoid low-frequency ampl i tude  modula- C l e a r l y  uAT must equa l  
t i o n  of t h e  d e s i r e d  s i g n a l  S e ( t ) .  F u r t h e r ,  €ICT = QAT i s  r e q u i r e d  t o  
o b t a i n  f u l l  ampl i tude  of 
%T 
Se(  t ) .  
Two p r i n c i p a l  means e x i s t  t o  o b t a i n  a l o c a l  o s c i l l a t o r  of p rope r  
f r equency  and phase  a t  t h e  r e c e i v e r .  I n  one  method t h e  t r a n s m i t t e r  adds 
t o  (3.4) a sma l l  amount of c a r r i e r  power A cos  (ucTt + eCT).  Demodula- 
t i o n  and t h e  cohe ren t  l o c a l  o s c i l l a t o r  a r e  achieved  by a phase- lock re- 
C 
c e i v e r  such  a s  t h a t  i n  F i g .  30. The t r a n s m i t t e d  c a r r i e r  i s  e x t r a c t e d  
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f rom t h e  r e c e i v e d  s i g n a l  by a narrowband f i l t e r  c e n t e r e d  a t  and a 
phase- lock  l o o p .  The phase- lock loop is  used t o  enhance t h e  s i g n a l - t o -  
n o i s e  r a t i o  of t h e  r e c o n s t r u c t e d  c a r r i e r  and cou ld  be  e l i m i n a t e d  f o r  s u f f i -  
c i e n t l y  h i g h  t r a n s m i t t e d  c a r r i e r  power. The demodulator  baseband o u t p u t  
i s  
wcT 
(3 .16 )  
The d c  term A c / K  i s  unwanted and must be s u b t r a c t e d .  
The second method d e r i v e s  t h e  l o c a l  o s c i l l a t o r  s i g n a l  from the 
s idebands  of t h e  r e c e i v e d  suppressed  c a r r i e r  s i g n a l .  One t echn ique  is 
shown i n  F i g .  31. A p o r t i o n  of  t h e  r e c e i v e d  s i g n a l  f R ( t )  is t r a n s -  
formed by a n o n l i n e a r  d e v i c e ,  e . g . ,  a square- law or  fu l l -wave  r e c t i f i e r ,  
i n t o  a s i g n a l  w i t h  a d i s c r e t e  f requency  component a t  
i s  e x t r a c t e d  by a narrowband f i l t e r  c e n t e r e d  a t  hcT and a phase- lock 
l o o p .  Again t h e  phase- lock l o o p  i n c r e a s e s  t h e  s i g n a l - t o - n o i s e  r a t i o  of 
t h e  reproduced  c a r r i e r .  A 2 : l  f requency  d i v i d e r  o b t a i n s  t h e  d e s i r e d  
hcT. T h i s  t o n e  
OCT 
For  square- law and fu l l -wave  r e c t i f i e r  t r a n s f o r m a t i o n s  of 
c o h e r e n t  l o c a l  c a r r i e r  a t  f requency  
f R ( t ) ,  t h e  o u t p u t  s i g n a l s  a t  aCT from t h e  n o n l i n e a r  dev ice  a r e ,  
r e s p e c t i v e l y ,  
r 
(3.17) 
(3.18) 
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I n  S e c t i o n  B2 i t  is  shown t h a t  S i ( t )  and I S e ( t ) l  
of t h e  form C, bj A ( t - j d )  w i t h  E ( b . )  = E b  and 42% r e s p e c t i v e l y .  
i s  t h e  expec ted  energy of e a c h  p u l s e  i n  
a r e  random p r o c e s s e s  
Go 
J 
S e ( t )  a s  g iven  n 
by ( 3 . 2 ) .  I n  Appendix D it i s  shown t h a t  such  a p r o c e s s  h a s  d i s c r e t e  
f r equency  components a t  h0 = k2n/d w i t h  power 
( 3 . 1 9 )  
where A(w) is t h e  F o u r i e r  t ransform of A ( t ) .  Of i n t e r e s t  h e r e  i s  
t h e  d c  t e r m  (k  = 0 ) .  With $ ( t )  t h e  r a i s e d  c o s i n e ,  t h e  t r a n s f o r m s  of  
$( t )  and $ ( t ) .  a r e  g iven  by ( 3 . 9 )  and ( 3 . 2 6 ) .  With a f a c t o r  of 1 /2  
t o  account  fo r  t h e  c a r r i e r ,  t h e  power of  t h e  d i s c r e t e  f r equency  a t  
i s ,  from ( 3 . 9 ) ,  ( 3 . 1 9 ) ,  ( 3 . 2 6 ) ,  
2 
&CT 
1 2 2  - 2Eb Q 2 ( O )  
2 - -  
d2 - 2  d 
f o r  square- law p r o c e s s i n g  of f R ( t )  and 
1. * 2(2E /n) 0 2 ( 0 )  
2 4Eb - -   
3 Jrd d2 
( 3 . 2 0 )  
( 3 . 2 1 )  
f o r  fu l l -wave  r e c t i f i c a t i o n  of f R ( t ) .  
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Another t echn ique  t o  reproduce  t h e  c a r r i e r  from t h e  s idebands  
i s  t h a t  of C o s t a s  [ R e f .  121. The t e c h n i q u e  i s  shown s c h e m a t i c a l l y  i n  
F i g ,  32, but i t s  o p e r a t i o n  i s  n o t  d i s c u s s e d  h e r e .  
2. Baseband Synchron iza t ion  
I t  i s  n e c e s s a r y  t o  e s t a b l i s h  a t  t h e  r e c e i v e r  a s t a b l e  c l o c k  a t  
f r equency  f o  = l / d  and i n  phase  w i t h  t h e  $ ( t )  p u l s e s  i n  t h e  demodu- 
l a t o r  baseband o u t p u t .  T h i s  c l o c k  c o n t r o l s  t h e  i n s t a n t  of matched 
f i l t e r  sampling and t h e  synchronized  f l o w  of d a t a  i n  t h e  r e c e i v e r  d a t a  
p r o c e s s o r .  By s i g n a l  p r o c e s s i n g  s i m i l a r  to  t h a t  mentioned f o r  c a r r i e r  
synchron iza t ion  u s i n g  a t r a n s m i t t e d  c a r r i e r ,  t h e  c l o c k  could  be  d e r i v e d  
from a tone added t o  t h e  baseband r e c e i v e r  s i g n a l .  
R e w r i t i n g  (3.2) i n  a more g e n e r a l  form, t h e  s i g n a l  component 
of  t h e  demodulator baseband o u t p u t  i s  
cn 
(3.22) 
where t h e  a a r e  f ( i ) .  Thus t h e  a a r e  g a u s s i a n  random v a r i a b l e s ,  
w i t h  E ( a . )  = 0 
j n j 
The average  power spectrum is  2 and E ( a j )  = Eb.  
J 
(3.23) 
As expec ted ,  S ( t )  h a s  no d i s c r e t e  f r equency  components.  Discrete 
components can be o b t a i n e d  if 
e 
S e ( t )  i s  t r ans fo rmed  i n t o  a s i g n a l  w i t h  
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non-zero mean. Full-wave r e c t i f i c a t i o n  or  s q u a r i n g  a r e  s u i t a b l e  t r a n s -  
f o r m a t i o n s .  
W 
( 3 . 2 4 )  
( 3 . 2 5 )  
W 
Each is a random p r o c e s s  of  t h e  form C b j h ( t  - j d ) ,  w i t h  E ( b . 1  # 0. 
- m  J 
I t  i s  shown i n  Appendix D t h a t  such  a p r o c e s s  h a s  a d i s c r e t e  component 
f r equency  a t  mo = 2r /d  w i t h  power 2[E(bj ) ]21A(uo) l  2 2  /d , where A(u) 
is  t h e  F o u r i e r  t r a n s f o r m  of A ( t ) .  Fo r  @( t )  t h e  r a i s e d  c o s i n e ,  i t s  
t r ans fo rm is  g iven  by ( 3 . 9 ) ;  t h e  t r a n s f o r m  of P 2 ( t )  i s  
(3 .26 )  
With E ( a j )  2 = E b  and E ( l a j ( )  = Jq, t h e power i n  t h e  d i s c r e t e  fre- 
quency a t  a i s  
0 
f o r  square- law p r o c e s s i n g  of S e ( t )  and 
( 3 . 2 7 )  
( 3 . 2 8 )  
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f o r  fu l l -wave  r e c t i f i c a t i o n  of s o (  t ) .  
The phase  of t h e  tone is  i m p o r t a n t .  From Appendix D ,  t h e  
0 
03 
p e r i o d i c  p a r t  of t h e  t ransformed S ( t )  is E ( b j )  . C 
c l e a r  t h a t  t h e  a. t o n e  is i n  phase w i t h  t h e  t ransformed S e ( t ) ,  and 
t h u s  S g ( t )  i t s e l f .  
A ( t - j d ) .  I t  i s  
9 J=- 03 
W e  have shown t h a t  t h e  demodulator baseband o u t p u t  a t  t h e  
r e c e i v e r  can be p rocessed  t o  g e n e r a t e  a t o n e  a t  t h e  f r equency  of and i n  
phase  w i t h  t h e  baseband s i g n a l .  As shown i n  F i g .  33, t h i s  t o n e  i s  ob- 
t a i n e d  from t h e  o u t p u t  of  a n o n l i n e a r  d e v i c e  (square- law o r  fu l l -wave  
r e c t i f i e r )  by a narrowband f i l t e r  c e n t e r e d  a t  
The pu rpose  of t h e  phase- lock  l o o p  i s  to  minimize t h e  n o i s e  i n  t h e  c l o c k  
a. and a phase- lock loop .  
s i g n a l  due t o  n o i s e  and t h e  random component i n  t h e  demodulator  baseband 
o u t p u t .  
3.  A d d i t i o n a l  C o n s i d e r a t i o n s  
The m a t t e r  of synchron iza t ion  is n o t  a s  s imple  a s  t h e  p reced ing  
two s u b s e c t i o n s  might  imply.  S e v e r a l  m a t t e r s  remain which r e q u i r e  c a r e -  
f u l  c o n s i d e r a t i o n  d u r i n g  a sys tem d e s i g n .  The reproduced c a r r i e r  i n j e c t e d  
i n t o  t h e  demodulator  should have a h i g h  s i g n a l - t o - n o i s e  r a t i o .  Thus,  i n  
a d e s i g n  problem t h e  n o i s e  i n  t h e  l o c a l  c a r r i e r  and baseband c lock  o u t p u t s  
and i t s  e f fec t  on s y s t e m  performance must be de te rmined  and minimized. 
T h i s  n o i s e  is  due t o  channel  n o i s e  
t a i n e d  by t h e  n o n l i n e a r  p r o c e s s i n g  of 
Z w ( t )  and t h e  random component ob- 
Se(  t ) .  
Another  impor tan t  m a t t e r  i s  t h e  a c q u i s i t i o n  [Ref s .  13-15] o r  
" i n i t i a l  lock-ont l  of t h e  r e c e i v e r  c a r r i e r  and baseband s y n c h r o n i z a t i o n  
c i r c u i t s .  If  t h e  d a t a  f low i s  f a i r l y  con t inuous ,  p r o v i s i o n s  cou ld  be  
made t o  e n a b l e  a c q u i s i t i o n  b e f o r e  d a t a  t r a n s m i s s i o n ,  and s y n c h r o n i z a t i o n  
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R s 
cc) 
cc) 
f rom t h e  s idebands  shou ld  d e f i n i t e l y  be cons ide red .  However, i n t e r m i t t e n t  
d a t a  f low may p r e c l u d e  s ideband-der ived  s y n c h r o n i z a t i o n  and r e q u i r e  con- 
t i n u o u s  t r a n s m i s s i o n  of c a r r i e r  and baseband t i m i n g  s i g n a l s  by t h e  t r a n s -  
mit ter .  
Also t o  be p rov ided  a r e  message and i t e r a t i o n  s y n c h r o n i z a t i o n .  
The r e c e i v e r  must know t h e  i t e r a t i o n  number n and t h e  message number, 
or  b lock  p o s i t i o n ,  i of  each  
S i m i l a r  r equ i r emen t s  e x i s t  a t  the t r a n s m i t t e r  f o r  each  e s t i m a t e  
i t  o b t a i n s  f rom t h e  feedback  channel .  S i n c e  d and KD can be  set  
be fo rehand ,  it may be s u f f i c i e n t  t o  p r e c e d e  t h e  b lock  of  
a t  e a c h  s t a g e  n by a s p e c i a l  code i n d i c a t i n g  t h e  i t e r a t i o n  number n .  
Then t h e  word number i could  be determined by a c o u n t e r  from t h e  base-  
band t i m i n g .  
t h e  i t e r a t i o n  i d e n t i f i e r  code.  
( i )  i t  r e c e i v e s  o v e r  t h e  forward  channe l .  f n  
r ( i )  
On+ 1 
KD messages 
P r o v i s i o n s  f o r  a c q u i s i t i o n  might  a l s o  be i n c o r p o r a t e d  i n  
The f i n a l  p o i n t  t o  be made i s  t h a t  r e c o n s t r u c t i o n  of t h e  fo rward  
c h a n n e l  c a r r i e r  a t  t h e  receiver can be  s i g n i f i c a n t l y  a ided  i f  t h e  t r a n s -  
m i t t e r  d e r i v e s  i t s  c a r r i e r  from the  feedback  channel  c a r r i e r .  T h i s  r educes  
g r e a t l y  t h e  i n i t i a l  (be fo re  lock-on) f r equency  d i f f e r e n c e  between t h e  
r e c e i v e r  l o c a l  o s c i l l a t o r  and the incoming c a r r i e r .  Fur thermore ,  t h i s  
p rocedure  c a n c e l s  d o p p l e r  s h i f t s .  
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I V .  SYSTEM BLOCK DIAGRAM 
The preceding  c h a p t e r s  have been concerned  w i t h  t h e  cod ing  scheme, 
i t s  performance, and t h e  s i g n a l  d e s i g n  t o  r e a l i z e  i t .  These s e p a r a t e  
c o n s i d e r a t i o n s  a r e  now combined i n  a g e n e r a l  s p e c i f i c a t i o n  of t r a n s m i t t e r  
and receiver u n i t s .  S i n c e  a s p e c i f i c  r e a l i z a t i o n  is  n o t  c o n s i d e r e d ,  o n l y  
a g e n e r a l  d i s c u s s i o n  of t h e  b a s i c  components and t h e i r  c o n f i g u r a t i o n  can 
be of fe red .  A d i g i t a l  feedback  channel  i s  employed. 
A .  TRANSMITTER 
The t r a n s m i t t e r  c o n s i s t s  of f i v e  major  components: Message Trans-  
l a t o r ,  Computer, Transmi t  S i g n a l  Processor, Receive S i g n a l  P r o c e s s o r ,  and 
C o n t r o l  U n i t .  The b l o c k  diagram is  shown i n  F i g .  34. 
1. Message T r a n s l a t o r  
T h i s  u n i t  c o n v e r t s  e a c h  incoming message m (i) from t h e  source 
i n t o  i t s  a s s o c i a t e d  numer ica l  e q u i v a l e n t  
F o r  M source  symbols t h e r e  a r e  M a s s o c i a t e d  D - d i g i t  b i n a r y  numbers 
s e p a r a t e d  by  u n i t y  i n  [-(M-1)/2, (M-1)/2 1 .  
0 ( i )  i n  t h e  cod ing  scheme. 
T 
2 .  Computer 
The D i g i t a l  Computer c o n s i s t s  of a r i t h m e t i c  and s t o r a g e  u n i t s .  
The a r i t h m e t i c  u n i t  c a l c u l a t e s  t h e  f n 
A 
t h e n  go t o  t h e  Transmi t  S i g n a l  P r o c e s s o r .  
i n  coded form, r a t h e r  t h a n  i n  i t s  s i m p l e  b i n a r y  fom,  t h e  a r i t h m e t i c  
If t h e  r e c e i v e r  s e n d s  'n+ 1 
u n i t  must a l s o  decode y ' ( t )  t o  o b t a i n  The s t o r a g e  u n i t  stores 
the {an) and KD message p o i n t s  8 ( i '  Loop d e l a y  n e c e s s i t a t e s  t h e  
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s t o r a g e  of b locks  of messages throughout  t h e  N i t e r a t i o n s  f o r  t h e i r  
t r a n s m i s s i o n ,  
3. Transmit  S i g n a l  P r o c e s s o r  
A t  i n t e r v a l s  of d seconds  t h e  Transmi t  S i g n a l  P r o c e s s o r  re- 
D/A conver s ion  t r a n s -  c e i v e s  d i g i t a l  numbers 
forms t h e s e  numbers i n t o  an ana log  s i g n a l  f ( t ) .  The o u t p u t  of a $ ( t )  
p u l s e  g e n e r a t o r ,  C $ ( t - j d ) ,  i s  ampl i tude  modulated by f ( t )  to  
g i v e  baseband s i g n a l  S e ( t )  [see (3.2)]. S e ( t )  i s  then  p l aced  on an 
RF c a r r i e r  by double-s ideband suppres sed  c a r r i e r  (DSB-SC) ampl i tude  modu- 
( i )  from t h e  Computer. f n  
00 
j=-m 
l a t i o n  f o r  t r a n s m i s s i o n  t o  t h e  r e c e i v e r .  These s i g n a l s  and t h e i r  t i m i n g  
a r e  shown i n  F i g .  35. 
4 .  Receive S i g n a l  P r o c e s s o r  
The incoming R F  s i g n a l  from t h e  f eedback  channel  i s  d e t e c t e d  
by a phase-locked r e c e i v e r ,  a s  d i s c u s s e d  i n  Chap te r  111, to  r e c o v e r  t h e  
modulat ion S ; l ( t ) ,  a b i n a r y  waveform of  $ ' ( t )  p u l s e s .  T h i s  baseband 
s i g n a l  i s  matched f i l t e r e d ,  sampled and h e l d  e v e r y  d '  s econds ,  g i v i n g  
waveform y ' ( t ) .  
g i b l e .  I f  t h i s  were n o t  t h e  c a s e , . a  d e c i s i o n  element  would f o l l o w  t h e  
sample-and-hold c i r c u i t  t o  g e n e r a t e  t h e  y '  ( t )  waveform. B ina ry  wave- 
form y ' ( t )  
of b i n a r y  numbers 
I t  is  assumed t h a t  t h e  feedback  channel  n o i s e  i s  n e g l i -  
goes  t o  t h e  Computer where i t  i s  t r ans fo rmed  i n t o  t h e  sequence 
'(1) 
',+I * 
A Feedback Clock  f o r  baseband s y n c h r o n i z a t i o n  i s  d e r i v e d  from 
S i (  t ) , 
of y ' ( t )  d a t a  i n t o  t h e  Computer,  A t i m i n g  d iagram i s  shown i n  F i g .  36 
f o r  D = 7 b i t  e s t i m a t e s  
This  c l o c k  c o n t r o l s  t h e  sampl ing  i n s t a n t  and synchronized  f low 
h 
' , + l e  R 
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FIG. 35 TRANSMITTER FORWARD PATH TIMING DIAGRAM. 
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t 
Feedback 
Clock 
D R =  7 ___+ 
0 4d' 8d' 12d' 16d' t 
FIG. 36. TRANSMITTER FEEDBACK PATH TIMING DIAGRAM. 
5 .  Con t ro l  Uni t  
The C o n t r o l  Un i t  m a i n t a i n s  p r o p e r  t iming  o f  t h e  t r a n s m i t  and 
r e c e i v e  p rocesses :  e s t a b l i s h e s  b lock  l e n g t h  5, c o n t r o l s  i t e r a t i o n  
c o n t r o l s  d a t a  f low from t h e  message number n and c o e f f i c i e n t s  
s o u r c e ,  and m a i n t a i n s  p rope r  message o r d e r  and p a i r i n g  of message p o i n t s  
e ( i )  w i t h  e s t i m a t e s  ( i  ) th roughout  t h e  N i t e r a t i o n s .  
On 
A Forward Clock ,  w i t h  f r equency  l / d  c p s ,  c o n t r o l s  t h e  flow 
f ( i )  from t h e  Computer of messages i n t o  t h e  Computer and t h e  f l o w  of 
f o r  p rope r  s y n c h r o n i z a t i o n  w i t h  t h e  $ ( t )  p u l s e  g e n e r a t o r .  As shown i n  
F i g .  34, i t  i s  d e r i v e d  from t h e  $( t )  p u l s e  g e n e r a t o r .  The I t e r a t i o n  
n 
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Coun te r  e s t a b l i s h e s  i t e r a t i o n  number n ,  c a l l s  CX i n t o  t h e  a r i t h m e t i c  
u n i t  of t h e  Computer, c o n t r o l s  t h e  i n s e r t i o n  of coded i t e r a t i o n  i d e n t i -  
f i e rs  mentioned i n  S e c t i o n  111-B3 i n t o  t h e  Computer o u t p u t  (fii)) a t  
n 
t h e  beg inn ing  of  each  i t e r a t i o n ,  and e n a b l e s  t h e  Ga te  d u r i n g  n = 1 t o  
t r a n s f e r  new messages from t h e  source  t o  t h e  Computer. The Message 
Coun te r ,  by coun t ing  c lock  p u l s e s ,  i d e n t i f i e s  message number i ( p o s i -  
t i o n  of message i n  b l o c k )  and c o n t r o l s  t h e  p r o p e r  p a i r i n g  of e ( i )  and 
( i )  f o r  t h e  f ( i )  c a l c u l a t i o n s .  Block l e n g t h  5 could  be p r e s e t ,  e; n 
or it is e s t a b l i s h e d  d u r i n g  n = 1 by a Feedback Detector, which s e n s e s  
t h e  o n s e t  of  feedback  i n f o r m a t i o n ,  r e a d s  
Coun te r ,  and advances t h e  I t e r a t i o n  Counter  t o  n = 2 ,  t e r m i n a t i n g  t h e  
i n f l o w  of new messages.  
(K ) D and resets t h e  Message 
The o p e r a t i o n  might  be a s  f o l l o w s .  The S t o r a g e  Uni t  is c l e a r e d ,  
t h e  Message Counter  i s  set to  1, and t h e  I t e r a t i o n  Counter  i s  set t o  
n = 1, p l a c i n g  al i n  t h e  a r i t h m e t i c  u n i t  and r e l e a s i n g  t h e  n = 1 
i d e n t i f i e r  i n t o  t h e  Computer o u t p u t .  Under c o n t r o l  of t h e  Forward Clock ,  
messages a r e  accep ted  from t h e  source and s t o r e d  i n  l o c a t i o n s ,  
S imul t aneous ly ,  f l  ( i )  is  c a l c u l a t e d  and t r a n s m i t t e d .  T h i s  c o n t i n u e s  
u n t i l  t h e  f i rs t  feedback p u l s e  a r r i v e s ,  a t  which t i m e  t h e  Con t ro l  Un i t  
s t o p s  t h e  f low of messages from the  s o u r c e .  KD messages a r e  now i n  
s t o r a g e  and t h e  f i rs t  i t e r a t i o n  i s  completed.  The Feedback Detector 
stores t h e  Message Counter  count  (KD) and resets it. The I k e r a t i o n  
Coun te r  i s  now advanced t o  n = 2 .  Subsequen t ly ,  t h e  n = 2 i d e n t i f i e r  
i s  r e l e a s e d  t o  t h e  Computer ou tpu t  and t h e  Message Counter  i s  enab led ,  
s t a r t i n g  t h e  f low of second i t e r a t i o n s .  When t h e  Message Counter  r e a c h e s  
K D l  i t  resets t o  i = 1 and advances t h e  I t e r a t i o n  Counter  t o  n = 3. 
e ( i )  
T h i s  p r o c e s s  c o n t i n u e s  f o r  N i t e r a t i o n s .  A f t e r  t h e  l a s t  
, t h e  I t e r a t i o n  Counter  resets t o  n = 1, c l e a r i n g  
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(KD 1 
f N  t r a n s m i s s i o n ,  
t h e  message s t o r a g e ,  s e t t i n g  Qn = Ql, r e l e a s i n g  t h e  n = 1 i d e n t i f i e r  
i n t o  t h e  Computer o u t p u t ,  and r e s e t t i n g  t h e  
Message Counter  t o  i = 1. The t r a n s m i t t e r  i s  now ready  t o  accep t  and 
KD memory t o  z e r o  and t h e  
t r a n s m i t  a new b lock  of messages.  
The need f o r  i t e r a t i o n  i d e n t i f i c a t i o n  shou ld  be emphasized. 
('I 
n + l  a s p e c i a l  code must be  i n s e r t e d  which 
(KD I 
and f n  Between each 
c l e a r l y  i d e n t i f i e s  t h e  i t e r a t i o n  number of t h e  e n s u i n g  b lock .  I t  a l s o  
s e r v e s  a s  a r e f e r e n c e  p o i n t  from which c o u n t e r s  and o t h e r  c o n t r o l  func-  
t i o n s  o p e r a t e .  Such i d e n t i f i e r s  a r e  n e c e s s a r y  f o r  b o t h  t h e  forward  and 
f eedback  p a t h s .  By d e s i g n  t h e y  could  a l s o  s e r v e  i n  t h e  phase- lock ac-  
q u i s i t i o n .  
The t r a n s m i t t e r  a l s o  needs  { a n ) ,  N, and pe rhaps  KD, which 
and M re- a r e  s p e c i f i e d  b y ' t h e  r e c e i v e r  based on Edr: and t h e  P 
qu i r emen t s .  These a r e  p rov ided  o v e r  a command l i n k , .  which might be i n -  
co rpora t ed  i n  t h e  feedback  l i n k .  F i n a l l y ,  n o t e  i n  F i g .  34 t h a t  t h e  
forward  pa th  c a r r i e r  w i s  d e r i v e d  from t h e  f eedback  RF s i g n a l  t o  
a i d  t h e  r e c e i v e r  c a r r i e r  r e c o n s t r u c t i o n  a s  ment ioned i n  S e c t i o n  111-B3. 
e 
CT 
B.  RECEIVER 
The receiver a l s o  c o n s i s t s  of f i v e  components: Rece ive  S i g n a l  
P r o c e s s o r ,  Computer, Message T r a n s l a t o r ,  T ransmi t  S i g n a l  P r o c e s s o r ,  and 
C o n t r o l  U n i t .  The r e c e i v e r  b lock  diagram i s  shown i n  F i g .  37. 
1. Receive S i g n a l  P r o c e s s o r  
The Rece ive  S i g n a l  P r o c e s s o r  c o n v e r t s  t h e  incoming R F  s i g n a l  
i n t o  y ( t ) ,  a t i m e  sequence of numer ica l  q u a n t i t i e s  yn ( i )  used i n  t h e  
coding  scheme. Coherent  l i n e a r  demodulat ion of  t h e  DSB-SC ampl i tude  
SEL-67-027 92 
I I 
i l  
I 
- 1 1 1  
I 
93 SEL -67-02 7 
modulated f ( t )  o b t a i n s  baseband s i g n a l  S B ( t ) .  S B ( t )  i s  matched 
f i l t e r e d ,  sampled,  and A/D conve r t ed  to  g i v e  As d i s c u s s e d  i n  
Chap te r  111 
o b t a i n e d  from t h e  r e c e i v e d  s i g n a l .  The Forward Clock c o n t r o l s  t h e  i n -  
s t a n t  of sampling and t h e  f low of d a t a  a t  i n t o  t h e  Computer. 
A t i m i n g  diagram i s  shown i n  F i g .  38. The yn ( i )  a r e  numbers i n  b i n a r y  
form . 
R 
y ( t ) .  
c a r r i e r  and baseband s y n c h r o n i z a t i o n  (Forward C lock)  a r e  
l / d  c p s  
2 .  Computer 
The Computer c o n s i s t s  of  a r i t h m e t i c ,  d e c i s i o n ,  and s t o r a g e  
( i )  
'n J i t  must per form t h e  f o l l o w i n g  compu- u n i t s .  A f t e r  r e c e i v i n g  a 
d u r i n g  an i n t e r v a l  of d seconds .  
'n+1 t a t i o n s  and store 
where 
( 4 . 3 )  
( 4 . 4 )  
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A ( i )  and c o e f f i c i e n t s  (yn )  'n+l The s t o r a g e  u n i t  stores K, e s t i m a t e s  
and b n 2 L  
A ( i )  
"N+1 
i s  a v a i l a b l e  a s  t h e  r e c e i v e r  ou t -  A f t e r  N i t e r a t i o n s ,  
(1 1 p u t .  However, message p o i n t s  8 
so t h e  d e c i s i o n  u n i t  must round off 
TABLE 4 .  ROUNDOFF 
a r e  i n t e g e r  or h a l f - i n t e g e r  numbers, 
a c c o r d i n g  t o  Table  4 .  9 ~ + 1  
RULES FOR 
A 
'N+1 
A -1 
'N+1 
'N+1 
A -1 
'N+1 
= whole number p a r t ,  i f  2 d i g i t  i s  0 
= whole number p a r t  +1, i f  2 d i g i t  is 1 
M odd 
-1 A 
= whole number p a r t  + 2 M even 
The d e c i s i o n  p r o c e s s  is s imple ,  r e q u i r i n g  o n l y  t h e  knowledge of whether  
M i s  odd o r  even and t h e  examinat ion  of  t h e  2 d i g i t .  -1 
3. Message T r a n s l a t o r  
A ( i )  b i n a r y  num- 
'N+1 T h i s  u n i t  mere ly  t r a n s l a t e s  t h e  rounded off 
( i>  b e r  i n t o  t h e  e q u i v a l e n t  message symbol m . 
4 .  Transmi t  S i g n a l  P r o c e s s o r  
The Transmi t  S i g n a l  P r o c e s s o r  p l a c e s  t h e  e s t i m a t e  A ( i )  
. 'n+1 o n t o  
an RF c a r r i e r  f o r  feedback  t o  t h e  t r a n s m i t t e r .  T h i s  estimate i s  a D - 
d i g i t  b ina ry  number, which is  r e a d  s e r i a l l y  f r o m  s t o r a g e ,  one  b i t  each  
R 
d '  seconds,  and used  t o  modulate  b y  0 o r  1 t h e  ampl i tude  of $( t )  
p u l s e s  t o  g i v e  baseband s i g n a l  S ; ) ( t ) .  S ; ) ( t )  is  p l a c e d  on c a r r i e r  
OCR 
by DSB-SC ampl i tude  modulat ion and t r a n s m i t t e d .  A t i m i n g  diagram 
SEL-6 7-027 96 
h (i) 
- % t l  J 
I Feedback Clock 
- 
0 4d' 8d1 12d' 16d1 t 
0 d 
FIG. 39. RECEIVER FEEDBACK PATH TIMING DIAGRAM. 
2d t 
5. C o n t r o l  Un i t  
The C o n t r o l  Un i t  c o n t r o l s  t h e  t i m i n g  and o r d e r i n g  of t h e  
v a r i o u s  p r o c e s s e s  a t  t h e  r e c e i v e r .  The I t e r a t i o n  Counter  responds  t o  
t h e  i t e r a t i o n  i d e n t i f i e r  i n  S B ( t ) ,  s e t t i n g  i t s  o u t p u t  n a t  t h e  va lue  
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i t  d e t e c t s  f o r  t h e  i d e n t i f i e r .  The I t e r a t i o n  Counter  o u t p u t  c o n t r o l s  t h e  
( y n ,  y n 2 )  i n s e r t i o n  i n  t h e  Computer, resets t h e  Message Counter  when n 
changes ,  and e n a b l e s  r eadou t  of a b lock  of  a t  s t a g e  N .  The Mes- 
sage  Counter ,  when enab led  by t h e  I t e r a t i o n  Coun te r ,  c o u n t s  Forward Clock 
p u l s e s  t o  de te rmine  message number i and t o  c o n t r o l  i n  t h e  Computer t h e  
p rope r  p a i r i n g  of  ^e ( i )  and yn (i) f o r  t h e  c a l c u l a t i o n s  ( 4 . 1 )  and 
( 4 . 2 )  and t h e  ( i  ) r e a d o u t .  The Feedback Clock ,  synchronized  w i t h  t h e  
4) 
'n+l $ ' ( t )  pu l se  g e n e r a t o r  a t  l / d '  c p s ,  g a t e s  s e r i a l l y  t h e  d i g i t s  of  
from s t o r a g e  i n t o  t h e  Transmi t  S i g n a l  P r o c e s s o r .  I t e r a t i o n  i d e n t i f i e r s  
a r e  i n s e r t e d  a t  t h e  beginning  of  each  b lock  of  feedback  t r a n s m i s s i o n s  
n 
under  c o n t r o l  of t h e  I t e r a t i o n  Counter .  
As shown i n  F i g .  37  t h e  r e c e i v e r  is s l a v e d  t o  t h e  t r a n s m i t t e r  
by t h e  way i t  o b t a i n s  c a r r i e r ,  baseband, i t e r a t i o n ,  and message syn- 
c h r o n i z a t i o n .  However, t h e  r e c e i v e r  e s t a b l i s h e s  t h e  (y,) and (yn2)  
from (4 .3 )and  ( 4 . 4 ) ,  t h e  (an) from ( 2 . 1 1 ) ,  and N from ( 2 . 1 3 ) ,  ( 2 . 1 4 )  
w i t h  E b / a f ,  M, and P s p e c i f i e d .  The r e c e i v e r  s ends  t h e  (an) and 
N t o  t h e  t r a n s m i t t e r  by a command l i n k .  A l s o ,  a s  mentioned p r e v i o u s l y ,  
t h e  receiver c a r r i e r  o s c i l l a t o r  w can be  used t o  e s t a b l i s h  t h e  f o r -  
2 
e 
CR 
and l o c a l  demodulator  o s c i l l a t o r s ,  t o  h e l p  
OCT ward channel  c a r r i e r  
o b t a i n  t h e  r e q u i r e d  cohe ren t  d e t e c t i o n .  
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V .  CONCLUSION 
From the results presented here, it is concluded that the feedback 
coding scheme is realizable and practicable. It has been shown to achieve 
high reliability and high relative transmission rates under representative 
situations and to exceed the performance of existing one-way coding 
schemes. Ideally, its implementation would be characterized by simplicity. 
However, the feedback by which the scheme obtains its performance limits 
its use and simplicity of implementation through the loop time delay in- 
curred. In particular, the required transmitter storage, receiver A/D 
converter, and computation time limit transmitter-receiver separation and 
time-rate of transmission. Nevertheless, implementation of the code is 
possible using existing techniques, and its application should be con- 
sidered. In Section II-G six items are listed which must be evaluated 
when considering the application of this code to specific requirements. 
Based on the performance evaluation of the code and a chapter on 
signal design, transmitter and receiver block diagrams using existing 
techniques have been presented. A digital feedback channel is employed, 
for it was found to permit the noiseless feedback assumption used in 
formulating the code with only 20 db signal-to-noise ratio, and it also 
eliminates D/A and AID converters in that link. 
to space communications and thus satisfies the motivation for its devel- 
opment. However, its use over great distances is limited at present by 
the state of the art in storage technology to distances of 1 to 100 
million miles. Data processing times limit the rate of information trans 
mission by limiting iteration time d to 1 to 10 ps minimum. 
This system is suited 
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A useful, and interesting, next step would be the evaluation of a 
working realization by an experimental model or computer simulation. 
Another area for further, detailed study is phase-lock detection of 
double-sideband suppressed carrier signals with pulse modulation, such 
as those discussed in Chapter 111. 
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APPENDIX A .  CODING WITH A NOISY ANALOG FEEDBACK CHANNEL 
A 
Feedback 'n+l 
Reference  is made t o  F i g .  2b .  A t  s t a g e  n ,  t h e  r e c e i v e r ' s  e s t i m a t e  
- i s  s e n t  back i n  t h e  form 
A 
'n+l - e + 'en+l 
Note t h a t  f; = B^e, 
t r a n s m i t t e r  r e c e i v e s  
i s  n o t  s e n t ,  f o r  i t  is  zero by p r i o r  agreement .  The 
from t h e  feedback  channel  Y1'1+ 1 
+ Z '  G+l = f;+l n+l  
The t r a n s m i t t e r  =r* where Z '  is a z e r o  mean g . r . v .  w i t h  v a r i a n c e  
e s t i m a t e s  
n+ l  
A 
f n + l *  and sends t h e  n e x t  forward  t r a n s m i s s i o n  'n+l as %+1 
( A . 3 )  
I 
Z '  
n+ 1 + -  1 
';+1 = = ' + 'en+l B 
= a ( e  - e;+,) 
f n + l  n+ 1 (A.4) 
The forward  channe l  c a l c u l a t i o n s  and s i g n a l s  a r e  a s  d e f i n e d  i n  Sec-  
t i o n  1 1 - A .  S t a r t i n g  a t  n = 1, t h e  behav io r  of t h e  scheme i s  now ex- 
amined. 
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n = l  
fl = a1 e 
y1 = fl + z 1 
1 
1 1 
Z 
1 A e = -  a ~ ~ = e + ,  
y2 I = f; + Z' 
2 
n = 2  
f2 = a2(e - e;) = -a2 (z; + 2) 
2 y2 = f2 + z 
2 2 
h - A 1 z2 Z' 2 -N [, %+$) 
- e2 + 5 y2 = e + - - -  
a2 
e2,2 a2 B 
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Thus 
A 
f' = Be3 3 
Z '  
1 h 3 
y; = e3 + -  B e; = 
Cont inu ing  i n  t h i s  manner, 
U m 
a2 + 5 2 ' m=2 1 + B m 
where 
.-N 
2 2  
2 an ur B = - -  
n 2 2  
uf 
m 
2 
m 
2 
=f 
a 
m=2 1 + B 
( A . 5 )  
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A 
- with variance 'N+1 - e + 'eN+1 After N iterations, 
- 2 
ueN+l 
2 
uf 
2 
n 0 
2 
2 n=2 1 + B 
(A.7) 
A A 
2. - en) Feedback 
For this case, 
A 
. 'n+l 
+ Z '  G + l  = *;+1 n+l (A. 10) 
(A.ll) 
Starting a t  n = 1, the behavior of this feedback scheme is examined. 
n = l  
SEL-67-027 
fl = ale 
y l = f  + z  
1 1 
104 
Z 
+ - 1 1 A = E- y1 = 
1 al 
y; = f; + Z '  2 
1 A Za e; = e; + - 
p2 ya = + 2 
n = 2  
f2 = a2 (e - e;) = -a2 
2 y2 = f2 + z 
Z Z '  
1 2 2 h A - e, + 0 2 y2 = e + -  - -
02,2 a2 p2 
n - e^3 - 
2A 2A 
+ 01282,2 
2 2 
1 2  
a + a  
e + 
2 
a2 + a2z2 - - z; 52 a z 1 1  
2 2 
1 a + a2 
y; = f' + Z '  3 3  
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n = 3  
3 y 3 = f  + z  3 
Z '  
A e 3 , 2 -  A e 3 + ~ Y 3 = e + ~ - - - -  1 3 za 3 Z - 
3 @2 '3 
2 2 2 
3 1 2 
e4 = 
a + a  + a  
3 3 Z '  - C "  2.2, 
m= 1 am 'm m=2 'm b m  
2 
3 
= e +  
a2 + a2 + a 1 2 
f; = ' (2 -^e ) = ' ( z  -z ) 4 4 3  4 e4  e3 
y; = f; + Z '  
4 
4 Z '  
e ' = 0 ' + -  1 '=ne4+C-  m 
4 3 B4 y4 m=2 'm 
Con t inu ing  i n  t h i s  manner, 
n 
C am 'rn m= 1 k m  m= 2 A en+l = e + 
n -  z 
a m  m = l  
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(A.12)  
Thus 
A 
... 
I 
>. 
m= 1 
and 
107 
( A .  13) 
( A ,  14) 
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APPENDIX B.  QUN"IZATI0N 
2 Let y be a g.r.v. with mean 8, variance u , and probability 
density and characteristic functions 
* where y is quantized to a discrete random variable y = g(y), a 
1:l transformation, defined at intervals of q, 
where k is an integer, -CO < k < CO. The transformation is shown in 
Fig. 40,  where uniform grain size q is used. Associated with y is 
probability mass function 
* 
108 
FIG. 40 .  TRANSFORMATION OF VARIABLE y TO QUANTIZED VARIABLE y*. 
and c h a r a c t e r i s t i c  f u n c t i o n  
Although P +(kq) can be found from t a b l e s  f o r  p y ( y )  g a u s s i a n ,  
w e  s e e k  a n a l y t i c a l  e x p r e s s i o n s ,  I n  p a r t i c u l a r  w e  s eek  t h e  t ransforma-  
t i o n  h ( * )  w i t h  F o u r i e r  t r ans fo rm H(g) t o  a c t  on 
a n a l y t i c  forms of P *(!) and p*(y*) can be found u s i n g  l i n e a r  sys -  
terns t e c h n i q u e s ,  W e  c o n s i d e r  p and i t s  c h a r a c t e r i s t i c  f u n c t i o n  Py(  t ) ,  
Y 
such  t h a t  
pY 
‘v 
Y 
Y 
nd 
Y 
(B .7 )  
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Widrow [ R e f .  161 found t h a t  h(y) = 1 i n  (-q/2, q /2 )  and z e r o  else- 
where i s  the  d e s i r e d  f u n c t i o n ;  he termed t h e  t r a n s f o r m a t i o n  p r o c e s s  
"a rea  sampling . It  Thus 
Then 
and 
( B .  10) 
(B.ll) 
cy 
Amplitude sampling o f  p y ( y )  a t  y = kq,  f o r  a l l  k ,  g i v e s  p ,(y*). 
The i n t e r p r e t a t i o n  is  t h a t  p y ( y )  e x i s t s  f o r  a l l  y, and a t  e a c h  y, 
p y ( y )  e q u a l s  t h e  a r e a  under  p,(y) i n  a s t r i p  of w i d t h  q c e n t e r e d  on 
y .  T h i s  g i v e s  r i se  t o  t h e  t e r m  "area sampl ing . "  p ,(y*) i s  a d i s c r e t e  
y* f u n c t i o n  o b t a i n e d  from 
sequence of u n i t  impu l ses  s e p a r a t e d  by q .  Thus w i t h  Q = 2rr/qJ 
Y 
'v 
'u 
Y 
'u 
by ampl i tude  sampling w i t h  an i n f i n i t e  
pY 
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Using  t h e  f r equency  t r a n s l a t i o n  theorem, 
(B.12)  
(B. 13) 
The d i s c r e t e  p . d . f .  p *(y*) is seen  t o  have a p e r i o d i c  cha rac -  
t e r i s t i c  f u n c t i o n  P * ( E ) ,  per iod  R = 2fi/q, which i s  t h e  sum of an 
i n f i n i t e  sequence o f  P ( e )  forms a t  i n t e r v a l s  of 0. I f  F Y ( o  i s  
z e r o  f o r  > fi/q = Q / 2  ("band l i m i t e d " ) ,  t h e n  P * ( E )  i s  a p e r i o d i c  
r e p l i c a t i o n  of ( l / q ) G y ( e ) .  Analogous t o  t h e  sampling theorem of time 
f u n c t i o n s ,  t h e r e  i s  a q u a n t i z a t i o n  theorem [Ref .  161 i f  P ( E )  = 0 f o r  
Y 
can be r ecove red  from t h e  
Y 
cy 
Y 
Y 
Y 
rv 
cy 
> n/q,  then  t h e  sampled f u n c t i o n  p y ( y )  
p o r t i o n  of P ( E )  w i t h i n  -fi/q < E < Ic/q. 
Y* 
S i n c e  ? ( E )  is  t h e  p roduc t  of t w o  f a c t o r s ,  it can be c o n s i d e r e d  
t h e  c h a r a c t e r i s t i c  f u n c t i o n  of t he  sum of  t w o  independent  random v a r i -  
a b l e s .  L e t  y and n be independent  random v a r i a b l e s  w i t h  p . d . f . ' s  
p y ( y )  and h ( n ) ,  r e s p e c t i v e l y ,  where h ( n )  is  g iven  by (B.8). Then 
I f  t h e  q u a n t i z a t i o n  theorem is z =  y+n h a s  p . d . f .  p,(z) = h * p 
s a t i s f i e d ,  t h e  moments of y and z = y+n a r e  p r e c i s e l y  t h e  same; 
i . e . ,  t h e  moments of t h e  quan t i zed  v a r i a b l e  a r e  t h e  same a s  t h o s e  of t h e  
Unquant ized  v a r i a b l e  p l u s  a s t a t i s t i c a l l y  independent  q u a n t i z a t i o n  n o i s e  
u n i f o r m l y  d i s t r i b u t e d  i n  
Y 
Y '  * 
(-q/2, 9/2 1. 
A q u a n t i z e d  g a u s s i a n  random v a r i a b l e  does  n o t  s t r i c t l y  s a t i s f y  t h e  
q u a n t i z a t i o n  theorem. Indeed ,  f o r  any i n p u t  Y ,  the q u a n t i z e r  o u t p u t  
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n o i s e  i s  n o t  independent  of  y, 
p e r i o d i c  sawtooth  f u n c t i o n ) .  
t u r n  to  approximat ions .  
bu t  a d e t e r m i n i s t i c  f u n c t i o n  of it ( a  
However , t o  o b t a i n  usefu l  e x p r e s s i o n s  , w e  
F o r  y, a g . r , v . ,  (B .2 ) ,  ( B . 7 ) ,  (B .9)  g i v e  
(B.14)  
F i g u r e  41 is a p l o t  of s i n  x/x f o r  a s m a l l  x. F o r  x = (q/2)t sma l l  
enough, s i n  x/x x 1 and 5 ( E )  EJ q py(E)- 
Y 
1.0 .- 
. 95 .- sin x 
X 
I * I n I I a 
0 . 2  . 4  . 6  . 8  x 
F I G .  41.  PLO" OF s i n  x/x FOR SMALL x. 
2 2  Now IPy(E)l = exp(-j/,u 5 ) is  a g a u s s i a n  f u n c t i o n  w i t h  v a r i a n c e  
2 
l/a , and 
-l/a < y < l / u  
-2/a < y < 2/u 
-3/a < y < 3/a 
i n c l u d e s  63.8 p e r c e n t  of t h e  t o t a l  a r e a  
i n c l u d e s  95 p e r c e n t  of t h e  t o t a l  a r e a  
i n c l u d e s  99 .7  p e r c e n t  of t h e  t o t a l  a r e a ,  
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Thus 
w i t h i n  'Eo = .e/, 1 > - 1, and t o  achieve  s i n  x/x IJ 1. F u r t h e r ,  
to 5 Q/2 = fi/q is  r e q u i r e d  f o r  n e g l i g i b l e  o v e r l a p  of  P forms i n  
Py*(E). With (q/2)EO = x0 < 1, 5, < 2/q = sl/n i s  s a t i s f i e d  and 
q must be s u f f i c i e n t l y  small  t o  c o n t a i n  enough a r e a  of IP,(E)~ 
'v 
Y 
2x 
0 n g  
L q = - a =  a 
Under t h e  above r e s t r i c t i o n s ,  
and 
(B.15)  
(B.16) 
( B . 1 7 )  
Assuming n e g l i g i b l e  o v e r l a p ,  t h e  moments of  y* a r e  found from 
o r  
( B . 1 8 )  
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W e  o b t a i n  
m + = m  
Y Y 
2 
m ( 2 )  c m2 + m2 + 
Y* Y 
(B.19) 
Widrow [Ref.  171 h a s  compared t h e s e  approximat ions  w i t h  t h e  e x a c t  mo- 
ments  f o r  t h e  g a u s s i a n  p . d . f .  f o r  q = u. There  i s  no error i n  t h e  mean. 
-6 
The error i n  t h e  mean s q u a r e  i s  10 p e r c e n t  of t h e  mean s q u a r e  of t h e  
q u a n t i z e r  i n p u t .  I t  f o l l o w s  t h a t  t h e  error i n  t h e  v a r i a n c e  is 
2 2  
Y 
(1 + m /o ) p e r c e n t  of t h e  v a r i a n c e  of t h e  q u a n t i z e r  i n p u t ,  
C a l c u l a t i o n s  have shown t h a t  f o r  -3u < y < 3u, p *(y*) 
p * found from t a b l e s  t o  w i t h i n  2 pe r -  
f rom'  
Y 
( B . 1 7 )  ag rees  w i t h  t h e  e x a c t  
c e n t  f o r  L = 4,  6 p e r c e n t  f o r  L = 3, 8 p e r c e n t  f o r  L = 2 ,  and 
Y 
25 p e r c e n t  f o r  L = 1. The error  i s  g r e a t e s t  f o r  2u < IyI < 3u. W e  
conclude  t h a t  w i t h  q u a n t i z e r  g r a i n  s i z e  q = u/L and L > 2, t h e  - 
p r o b a b i l i t y  mass f u n c t i o n ,  mean, and v a r i a n c e  of  t h e  q u a n t i z e r  o u t p u t  
a r e  g i v e n  c l o s e l y  by (B.17)  and (B.19) .  Under t h e  assumpt ions  made, t h e  
e f f e c t  i s  t h e  same a s  adding  independent  n o i s e ,  un i formly  d i s t r i b u t e d  
i n  (-q/2,  q / 2 ) ,  t o  t h e  con t inuous  i n p u t  random v a r i a b l e .  
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APPENDIX C .  DETECTED SIGNAL STATISTICS 
Cons ide r  F i g .  42 w i t h  r ece ived  s i g n a l  
q ( t )  e x i s t s  i n  t h e  i n t e r v a l  (0, d ) ,  h a s  bandwidth 2nW < wcT, and 
q ( t - i d )  q ( t - j d )  = 6 i j  
Z ( t )  
Rzw(.) = (No/2) 6 ( T )  and two-sided s p e c t r a l  d e n s i t y  No/2. f R ( t )  is 
demodulated by a p r o d u c t  d e t e c t o r  fo l lowed  by a lowpass  f i l t e r  matched 
t o  q ( t ) .  S i n c e  t h e  p r o c e s s i n g  is l i n e a r ,  t h e  s i g n a l  and n o i s e  compo- 
n e n t s  can  be  c o n s i d e r e d  s e p a r a t e l y .  
i s  w h i t e  g a u s s i a n  n o i s e  wi th  mean z e r o ,  c o r r e l a t i o n  f u n c t i o n  
W 
The lowpass  s i g n a l  component f rom t h e  d e t e c t o r  i s  
N 
= c f n q [ t  - ( n - l ) d ]  
lowpass n = l  
(c.3) 
The matched f i l t e r  impulse  response is  
ter  o u t p u t  i s  
cp(d-t). By convo lu t ion  t h e  f i l -  
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N r t  
- (p[a - ( n - l ) d ]  c p ( d - t a )  d a  gl f n  )(n- l )d  
Sampling f F ( t )  a t  t = nd,  w e  o b t a i n  
N N 
n= 1 n = l  
n f ( t )  = c. f F ( t )  G(t-nd) = f 
The f i l t e r  n o i s e  o u t p u t  due to n o i s e  Z w ( t )  is  
( c . 4 )  
Sampling Z B ( t )  a t  t = nd,  w e  o b t a i n  
From t h e  s t a t i s t i c s  f o r  Z w ( t ) ,  i t  f o l l o w s  t h a t  
E(Zn) = 0 
117 
( C . 8 )  
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N r d  
N 
The t o t a l  sampler  o u t p u t  is  t h e  sum of ( C . 5 )  and ( C . 7 ) ,  
N 
n= 1 
y ( t )  = ( f  + Z ) G(t-nd)  
n n (c. 10)  
Thus t h e  sequence of numbers from t h e  sampler  a t  i n t e r v a l s  of  d seconds  
i s  t h e  sum of discrete  s i g n a l  and n o i s e  components.  S i n c e  t h e  p r o c e s s i n g  
on gauss i an  n o i s e  Z w ( t )  i s  l i n e a r ,  Z B ( t ) ,  and t h e r e f o r e  t h e  z n '  
a l s o  gauss i an  w i t h  t h e  same mean ( z e r o )  and v a r i a n c e  
( p r o d u c t )  demodulat ion fo l lowed  by matched f i l t e r i n g  and sampl ing  o b t a i n s  
p r e c i s e l y  t h e  r e c e i v e r  q u a n t i t i e s  d e f i n e d  for t h e  coding  scheme i n  Chap- 
t e r  11. 
block  message t r a n s m i s s i o n ,  
is 
L i n e a r  2 cr = No/2. 
Equat ion  ( C . l )  and t h e  above r e s u l t s  a r e  r e a d i l y  ex tended  t o  
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APPENDIX D .  PERIODIC COMPONENTS OF A NON-ZERO-MEAN RANDOM PROCESS 
Cons ide r  
CO 
s ( t )  = b j  cp(t- jd)  
j=-w 
2 
J J 
where E ( b . )  = B1 # 0 and E ( b . )  = B2. cp(t) i s  d e f i n e d  i n  (0,  d )  w i t h  
a u t o c o r r e l a t i o n  f u n c t i o n  and power spec t rum 
The a u t o c o r r e l a t i o n  f u n c t i o n  o f  s ( t )  h a s  p e r i o d i c  and a p e r i o d i c  com- 
p o n e n t s  and RsA. RsP 
R s ( t ,  t + T )  = E [ s ( t )  s ( t + z ) ]  
+ ( E ( b j ) ) 2  5 2 cp(t- jd)  cp(t-id+T) 
j=-w i=-w 
i# j  
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R ( t ,  t + T )  i s  p e r i o d i c  i n  t ,  p e r i o d  d .  Averaging  w i t h  r e s p e c t  to  
S 
The two-sided power spec t rum of s ( t >  i s  
where a. = 25(/d. Thus s ( t )  c o n s i s t s  of a random component and, i f  
E ( b j )  # 0 and 
w i t h  ( t o t a l )  power 
10(kuo)l # 0, p e r i o d i c  components a t  f r e q u e n c i e s  
SEL-6 7-02 7 120 
From t h e  form of R s ( r ) ,  i t  f o l l o w s  t h a t  s ( t )  h a s  p e r i o d i c  and 
random components , sp ( t ) and sR( t ) , 
and t h a t  
03 
L e t  u d ( t )  = C G(t-kd)  and l e t  R ( T )  deno te  c r o s s c o r r e l a t i o n .  
k= -w X,Y 
I t  can  be shown [Ref. 181 t h a t  t h e  p e r i o d i c  component of s ( t )  i s  
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From ( D . 1 )  and ( D . 1 0 ) ,  
M 
SEL-67-027 122 
( D . l l )  
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